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Abstract 

In this paper we introduce a weighted LTL over product w-valuation 
monoids that satisfy specific properties. We also introduce weighted 
generalized Buchi automata with ¢-transitions, as well as weighted 
Buchi automata with ¢-transitions over product w-valuation monoids 
and prove that these two models are expressively equivalent and also 
equivalent to weighted Biichi automata already introduced in the 
literature. We prove that every formula of a syntactic fragment of 
our logic can be effectively translated to a weighted generalized Biichi 
automaton with ¢-transitions. For generalized product w-valuation 
monoids that satisfy specific properties we define a weighted LTL, 
weighted generalized Biichi automata with ¢-transitions, and weighted 
Buchi automata with ¢-transitions, and we prove the aforementioned 
results for generalized product w-valuation monoids as well. The 
translation of weighted LTL formulas to weighted generalized Bichi 
automata with ¢-transitions is now obtained for a restricted syntactical 
fragment of the logic. 
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1 Introduction 


Weighted automata over finite and infinite words, defined in [26] and [15, 16] 
respectively, are essential models in theoretical computer science suitable 
to describe quantitative features of systems’ behavior. They can be seen as 
classical automata whose transitions are equipped with some value, usually 
taken from a semiring. Weighted automata have already been successfully 
used in applications in digital image compression and natural language 
processing (cf. Chapters 11 and 14 respectively in [11]), and there is a 
constantly increasing interest for possible use of these models in other 
fields also, e.g., in medicine, biology (cf. [31, 32]). Chatterjee, Doyen, and 
Henzinger in [5] defined automata with weights over the real numbers. The 
behavior of these automata is not computed with the use of the structure 
of the semiring. More precisely, the weight of a run (finite or infinite) is 
computed by using a function that assigns a real value to the (finite or infinite) 
run of the automaton. Examples of such functions are Maz and Sum for 
finite runs, and Sup, Limsup, Liminf, limit average, and discounted sum 
for infinite runs. The real value that eventually the automaton assigns to 
a word is computed as the maximum (resp. supremum for infinite words) 
of the values of all possible runs of the automaton on the word. In that 
work, Chatterjee, Doyen and Henzinger presented answers to decidability 
problems and studied their computational complexity, and further compared 
the expressive power of their model for different functions. Similar questions 
were answered in [6, 8, 7] where other kinds of automata that use functions 
for the computation of the weight of a run were presented. With the 
functions mentioned above we can model a wide spectrum of procedures 
of the behavior of several systems. The peak of power consumption can 
be modeled as the maximum of a sequence of real numbers that represent 
power consumption, while average response time can be modeled as the 
limit average [3, 4]. For a detailed reference on the importance of valuation 
functions we refer to [5]. Droste and Gastin introduced a weighted MSO logic 
n [10], and Droste and Meinecke extended this logic in [13] to a weighted 
MSO logic capable of describing properties of the automata of [5], and 
introduced the structures of valuation monoids and w-valuation monoids as a 
formalism capable of describing in a generic way their behavior for different 
functions. The authors further defined the structures of product valuation 
monoids and product w-valuation monoids by equipping valuation and w- 
valuation monoids with a multiplicative operation that is not necessarily 
associative or commutative. Under the consideration of specific properties 
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of the aforementioned structures the authors proved for finite (resp. infinite) 
words the expressive equivalence of syntactical fragments of their logic with 
weighted automata (resp. weighted Muller automata) whose behavior is 
computed with the use of valuation functions (resp. w-valuation functions). 
In [24], the structure of valuation monoids was equipped with a family of 
product operations, as well as with a Cauchy product and iteration of series, 
and the expressive equivalence of weighted automata over valuation monoids 
and weighted rational expressions was proved. In the same work, similar 
results were obtained for the case of infinite words. 


In the field of quantitative description of systems, the interest is also 
focused in the development of tools able to perform quantitative analysis and 
verification of systems [17, 25]. A possible road to follow is the definition of 
quantitative specification languages and the investigation of their relation 
with weighted automata. Such a study would set the foundations for a suc- 
cessful generalization of the automata theoretic-approach in model-checking 
(cf. [27, 28]) in the quantitative setup. 


An automata theoretic approach for reasoning about multivalued objects 
was proposed in [19]. More, precisely, the authors defined a weighted ZLTL and 
weighted automata over De Morgan Algebras and presented a translation 
of the formulas of the logic to weighted automata. In [20] the author 
defined a weighted LTE with weights and discounting parameters over the 
max-plus semiring and introduced the model of weighted generalized Biichi 
automata with ¢-transitions and discounting. In that work, formulas of 
a syntactic fragment of the proposed logic were effectively translated to 
weighted generalized Biichi automata with discounting and ¢-transitions and 
this model was proved expressively equivalent to weighted Btichi automata 
with discounting introduced in [12]. In [21] (Chapter 4) it was shown that the 
aforementioned translation is also possible for formulas of a larger fragment 
of that logic. 


It is the aim of this work to introduce a weighted LTD over product 
w-valuation monoids capable of describing how the quantitative behavior of 
systems changes over time and present a translation of formulas of a fragment 
of the logic to weighted generalized Biichi automata with e-transitions, and 
provide in this way a theoretical basis for the definition of algorithms that 
can be used for the verification of quantitative properties of systems. As 
mentioned before the structure of product w-valuation monoids refers to a 
wide range of applications. 


More precisely, we introduce a weighted LTL with weights over product 
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w-valuation monoids (resp. generalized product w-valuation monoids), and 
prove the results of [21] (Chapter 4) for a restricted syntactical fragment 
of the proposed logic. In more detail, the content of this paper can be 
described as follows. After presenting some preliminary notions in Section 8, 
in Section 4 we present the structures of product w-valuation monoids and 
generalized product w-valuation monoids and we study their properties. 
In Section 5, for product w-valuation monoids (resp. generalized product 
w-valuation monoids) that satisfy specific properties we define the models of 
weighted generalized Btichi automata with ¢-transitions and weighted Buichi 
automata with ¢-transitions. We prove that these two models are equivalent 
and also equivalent to weighted Btichi automata over product w-valuation 
momoids (resp. over generalized product w-valuation monoids). In Section 6, 
we introduce the weighted LTL over product w-valuation monoids that satisfy 
specific properties and prove that the formulas of a syntactic fragment of 
the proposed LTE can be effectively translated to weighed generalized Biichi 
automata with ¢-transitions following the constructive approach of [20]. In 
Section 7 we obtain the results of Section 6 for a restricted syntactical 
fragment of the weighted LTL over generalized product w-valuation monoids. 


2 Related Work 


We recall from the introduction that weighted versions of LTE and transla- 
tions of formulas of the proposed logics to weighted automata were presented 
in [19] and in [20] (see also in [21]). Both constructions, the one in [19] and 
the one in [20] aim to simulate the inductive computation of the semantics 
of the formulas of the proposed logics, nevertheless different algebraic prop- 
erties of the underlying structures lead to different constructive approaches. 
More precisely, in [19] the authors treat the formulas as classical ones where 
elements of De Morgan Algebras are considered as atomic propositions and 
obtain by [28] the corresponding Biichi automaton. Then, the automaton 
is transformed into a weighted one where the weights of the transitions are 
indicated by the sets of atomic propositions with which the unweighted 
automaton moves between two states. In [20] the approach of [28] is also 
followed in the sense that the states of the automaton are sets of formulas 
satisfying discrete conditions of consistency, and the final subsets are defined 
with respect to the until operators. Nevertheless, the effective simulation 
of the computation of the semantics of the given formula requires the ex- 
istence of a maximal formula (according to subformula relation) in each 
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state that will indicate the induction (and thus the operations) connecting 
the formulas k € K of the state. In addition, as in [9], e-transitions are 
used to reduce formulas. However, in [9] the goal of the reduction is the 
production of sets of formulas whose elements are atomic propositions, or 
their negations, or formulas with outermost connective the next operator. 
In the case of [20] ¢-transitions are used to reduce the maximal formula 
of a set, and to ensure that the state set of the automaton is finite. In 
this work we follow the constructive approach of [20], however the lack of 
algebraic properties, with which every semiring is equipped with, imposes 
the need for a stronger syntactical restriction on the formulas of our logic, 
in order to achieve the desired translation of formulas to weighted gener- 
alized Biichi automata with e-transitions. Another quantitative version of 
LTL with values over [0,1] and discounting parameters is presented in [2], 
where the authors show that threshold model checking problems can be 
decided by translating the weighted LTL formulas of that logic into Boolean 
nondeterministic Btichi automata. 

Lately, classical results for LTE have been generalized in the weighted 
set-up. More precisely, in [14] the authors proved for (infinitary) series 
over arbitrary bounded lattices the coincidence of LTL-definability, FO- 
definability, star-freeness and aperiodicity. In [22] (cf. also Chapter 5 in [21}) 
the expressive equivalence of (fragments of) LTL-definable, F'O-definable, 
star-free and counter-free series infinitary series over the max-plus semiring 
with discounting was proved. This result was generalized in [23] (cf. also 
Chapter 5 in [21]) for infinitary series over totally commutative complete, 
idempotent and zero-divisor free semirings. 


3 Preliminaries 


Let C,K be sets. If B is a subset of C (resp. proper subset of C’), we shall 
write B C C (resp. B C C). We shall denote by P (C) the powerset of C. 
An index set I of C is a subset of C' whose elements are used to label the 
elements of another set. A family of elements of K over the index set J, 
denoted by (k;),<7, is a mapping f from I to K where k; = f (7) for all i € J. 
We shall denote by N the set of non-negative integers. 

Words Let A be an alphabet, i.e., a finite non-empty set. As usually, we 
denote by A* the set of all finite words over A and At = A* \{e} , where € 
is the empty word. The set of all infinite sequences with elements in A, i.e., 
the set of all infinite words over A, is denoted by A”. Let w € A”. A word 
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v € A” is called a suffix of w, if w = uv for some u € A*. Every infinite 
word w = aoa... with a; € A(i > 0) is written also as w = w(0)w(1)... 
where w (i) = a; (i > 0). The word ws; denotes the suffix of w that starts 
at position 7, iLe., woy = w(i)w(it+1).... 

Monoids A monoid (K,+,0) is an algebraic structure equipped with 
a non-empty set AK and an associative additive operation + with a zero 
element 0, i.e.,0+4=k+0O=k for every k € kK. The monoid K is called 
commutative if + is commutative. 


A monoid (K,+,0) is called complete if it is equipped, for every index 
set I, with an infinitary sum operation 5), : kK ' _. K such that for every 
family (k;),<; of elements of K we have 


Ski = 0, So kj = hy, So ky = ky + hy for j Al 


icO ie{j} 1€ {7,5 


and 


+ (Tn) =e. 


jeJ \iel; iel 


if Uz, = TJ] and Li \Ly =) for 7 4 7’. We note that every complete monoid 
jed 
is commutative. 

Let K be a complete monoid. K is called additively idempotent (or 
simply idempotent), if k + k =k for every k € K. Furthermore, K is zero- 
sum free if k + k’ = 0 implies k = k’ = O. It is well known that if K is 
idempotent, then K is necessarily zero-sum free ([1]). We recall (cf. [18]) 
that idempotency gives rise to a natural partial order in K defined in the 
following way. Let k,k’ € K, then k < k’ iff k! = k’ +k. Equivalently, it 
holds k < k’ iff k! = k” +k for some k” € K (cf. Chapter 5 in [11]). We 
recall that a partial order of a set K is a total order, if k < k’, or k' <k 
for all k,k' € K. Let now K’, K” be two non-empty subsets of a complete 
monoid AK. We define the sum of K’ and K” in the following way 


K'+ K”={keK|AK eK ke K" st. k= +k"). 


Series Let A be an alphabet and K be acomplete monoid. An infinitary 
series over A and K is a mapping s: A” + K. For every w € A” we write 
(s,w) for the value s(w) and refer to it as the coefficient of s on w. We 
denote by K ((A”)) the class of all infinitary series over AY and K. 
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4 Product w-valuation Monoids, Generalized Prod- 
uct w-valuation Monoids, and their Properties 


For a set K we denote by L Cri, K the fact that L is a finite subset of 
and we let (K pin)” = U L”. We now recall the definition of w-valuation 
monoids and product w-valuation monoids from [13], with the difference 
that we equip these structures with two additional properties. 


Definition 1 An w-valuation monoid (K,+,Val”,0) is a complete monoid 
(K,+,0) equipped with an w-valuation function Val® : (K fin)” + K such 
that Val (ki) cx = 0 whenever ki = 0 for some i > 0. A product w-valuation 
monoid (K,+,-,Val”,0,1) ts an w-valuation monoid (K,+, Val”, 0) further 
equipped with a product operation -: K? + K, with 1 © K,1 4 0, such 
that Val” (1%) = 1 andO-k=k-O0=0,1k4K =k-1=k forallk € K; 
additionally, for every index set I andk € K, 3) (k-1) =k: 321, and for 
T I 


every L Crin K, finite index sets Ij(j => 0), and all ki, € L (i; € Ij) 


Val? | Sok] = >) Val? (kis) sey (1) 


431; jeN (45) ;€fox x... 


The property described by equation 1 expresses the distributivity of 
Val” over finite sums. We recall that this property has also been considered 
in [24] for the definition of Cauchy w-indexed valuation monoids. 


Remark 1 Observe that for every k € K, it holds ky-(k2-k3) = (ky - ko)-kg 
for every ki, k2,k3 € {0,1,k} such that k; € K\ {0,1} for at most one 
iE (1,2,3). 


We introduce now the notion of generalized product w-valuation monoids. 
These are defined with the same way as product w-valuation monoids with 
the difference that these structures are equipped with a restricted version of 
the distributivity property of Val” over finite sums. 


Definition 2 A generalized product w-valuation monoid (K,+,-, Val”, 0,1) 
is an w-valuation monoid (K,+,Val”,0) further equipped with a product 
operation »: K? + K, with 1 © K,1 #0, such that Val” (1%) = 1 and 
0O-k=k-O0=0,14 =k-1=k for allk © K; additionally, for every 
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index set I andk € K, ¥\(k-1) = k- 901, and the following hold: Let 


ii T 
L Cpin K, and I;(j = 0) a family of finite index sets. If for all but a finite 
number of j = 0, one of the following holds ki, € L\ {0,1} for alli; € Ij, or 
ki, € {0,1} for alli; € Ij, we have 


Val? | Sok | = >) Val? (ki) jen: 


431; jeN (45), ;€fox ix... 


Observe that every product w-valuation monoid is a generalized product 
w-valuation monoid. However, not every generalized product w-valuation 
monoid is a product w-valuation monoid (see Example 2). We will call 
the product w-valuation monoid (resp. the generalized product w-valuation 
monoid) (K,+,-,Val”,0,1) idempotent if the complete monoid (K,+,0) 
is idempotent. 

Subsequently, we derive properties of product w-valuation monoids and 
generalized product w-valuation monoids. For simplicity we provide the 
proofs only for product w-valuation monoids. The reader may check that 
essentially the same arguments also hold, if K is a generalized product 
w-valuation monoid. 


Lemma 1 Let K be an idempotent product w-valuation monoid or an idem- 
potent generalized product w-valuation monoid. Then, 


(i) [[11], Chapter 5, Lemma’7.3] yt =1 for every set I with size at most 
I 
continuum. 


(it) Sok =k for every set I with size at most continuum and every k € K. 
I 


(iii) Sokt+ SS k= Sok for every K' C K. 


keEK — k/EK! keK 

* W 

(iv) y ko+ y y= y k for every K', K" non-empty subsets 
kvekK" kick! kek’+k"” 


of I with size at most continuum. 
Proof: 
(ii) It holds )*(k-1) =k- $01, for every k € K, and index set I. Hence, 
by the ee property ana (i) we get 0, kK=k- DO; =k-1=k. 
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(iii) For K’ = 0 it is obvious. Otherwise, we get 


Skt SRS Ske ORS OE 


kek k’cK' ke K\K! k’cK' kick’ 
Sy ee ek =, Sek 
keK\K’ kek’ keK 


where the first and last equality hold by the completeness axioms of 
the monoid, and the second one by idempotency. 


(iv) For each k’ € K’ (resp. k” € K”) there exists an index set I, 4 0 
(resp. Inv £Q) with size at most continuum such that 


k= os (k! +k”) 
keK’+K"” ke K'’+Kk"” (k’,k")EK'x K" 
s.t kok! +k!" 
(=: , K') a yy (=: ” ke") 
REK! . RVEK" ‘ 


=e hae LK 


k/eK! kK"Ek" 


where the first and last equality holds by (ii), and the second equality 
by the completeness axioms of the monoid. 


Lemma 2 Let K be an idempotent product w-valuation monoid or an idem- 
potent generalized product w-valuation monoid, and K', K" C K such that 
the size of K' is at most continuum and for every k’ € K' there exists 
Re with 2k Then, Si = SR: 

kIEK! kIlEK" 


Proof: There exist index sets J, J, with the size of J being at most con- 
tinuum, such that K’ = {kie kK |ieT}, kK” = {ky eEek|je J} . We let 


J= {3 es lel = Lk, € K" such that ki, < ae 


For every j € J we let I; = {i El|ki< ae It holds Uz, = I. We fix 
jet 
aj € J. For every i € I;, we have kii = ki, + kif and by idempotency and 


232 Eleni Mandrali 


Lemma 1(ii) it holds k = ki +k’). We thus get 
j Gy 
iel; 


» ki = Se + kt) 


jes jet \tel; 
—_ W 
= Dae |e 
jes tel; jed iel; 
/ " 
-SK+DK 
aEl jet 


We conclude the second equality by the completeness axioms of the monoid, 
and the last one by Lemma 1(ii), and the fact that J; has size at most 


continuum for every 7 € J. Hence, Sok Sek = Soe where the first 
iel jeJ jet 

inequality is concluded taking into account the definition of the natural order 

of Kk, and the second inequality holds by Lemma 1(iii), and again by the 

definition of the natural order of K. 


Lemma 3 


(i) Let (K,+,-,Val”,0,1) be an idempotent product w-valuation monoid, 
anid Tp py IS Ap (are. and (he jess are families of elements of L 


such that for every i > 0, k} < ke then Val” (ki) 0 < Val” (k?) 0° 


(ii) Let (K,+,-,Val”,0,1) be an idempotent generalized product w-valuation 
monoid, and L Cfin K. TK are and (k? besa are families of elements 
of L such that for every i > 0, k} < k?, and for all but a finite number 
of i > 0, it holds {ki}, k?} C D\40, 1}, or {kj,k?} C {0,1}, then 
Val” (k!) < Val” (hese 


Proof: 
(i) It holds 
Val? (ki) oq = Val® (Bi + Fi) in = ys Val” («7") >0 
: 7 (Jo.515---)E{1,2}° i> 
= Val” (ki Ness F oe Val” («?") . 


(Josd15---)E{1,2}° 
(Jo.51 5+) ALY 
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where the second equality holds by the distributivity of Val” over finite 
sums, and the third one by the completeness axioms of the monoid, 
and this proves our claim. 


(ii) We can prove the claim with the same arguments used in the previous 
case. 


In the rest of this paper we will consider idempotent product w- 
valuation monoids (K,+,-,Val”,0,1) (resp. idempotent generalized product 
w-valuation monoids) that further satisfy the following properties (resp. fur- 
ther satisfy the following properties and the natural order is a total order). 
For all k,k; € K,(i > 1) 


Val” (1,1, ko, kg, bos ) = Val” (ki )isa 5 (2) 
k = Val” (k,1,1,1,...) (3) 


In the rest of the paper we shall call the properties described by equations 2, 3, 
Property 2, and Property 3 respectively. We note that Properties 2 and 3 
express a notion of neutrality of 1 over Val”. Next, we present examples of 
product w-valuation monoids, and generalized product w-valuation monoids. 


Example 1 Every idempotent totally commutative complete semiring 
(cf. [23]) (K,+,-,0,1) can be considered as an idempotent product w-valuation 
monoid (KX, +,-,[],0,1) if we consider as the w-valuation function the count- 
ably infinite products operation [| that every totally commutative complete 
semiring is equipped with. Moreover, these structures satisfy Properties 2, 
and 3. We can verify these properties, as well as the ones in the definition 
of product w-valuation monoids in a straightforward way by applying the 
completeness axioms of the structures. 


Example 2 We consider the structure (R, sup, inf, liminf, — oo, oo) where 
R = RU {c, —oo} and liminf is an w-valuation function from (Ryin)* toR 
defined by 


if there exists i > 0 with 


sic dj = —0o 
oo if for alli > 0, dj = co 
liming ((di);30) = if dj # —co for all j > 0, 


lim(inf {dx |k >i,dy #co}) and there exist infinitely 
= many t > 0 with dj 4 co 


inf {d;|7>0 with d; oo} — otherwise 
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(R, sup, inf, liminf, — 00, oo) is an idempotent generalized product w-valuation 
monoid that satisfy Properties 2, and 3, and the natural order obtained in 
the structure is a total order. We observe that (R, sup, inf, liminf, — oo, oo) 
is not a product w-valuation monoid. To verify this observation we present 
the following countererample. We consider the families of elements of R, 
(Fis) ser,» where for every j > 0 with j A 1, it holds I; = {1,2}, and 
ky = co, ko = 6, ane jor 7 = 1) we have ly = {1}, and kh = dS. Then, 


liminf sph = 5, and sup (sirming (Fi) jens) = 6. 
fel; jeN (45) ;Elox x... 

In the Appendix we prove that the structure presented in the previous 
example is indeed a generalized product w-valuation monoid. In [13] the 
authors have also considered an w-product valuation monoid where the 
classical liminf-function is used. The definition of liminf in our example is 
motivated by the need to capture the semantics of weighted logics that will 
be introduced of Section 6. In particular, the semantics of our untdl-operator 
expresses the fact that whenever the w-valuation function is applied, then 
the valuation should take into account only a finite number of first terms of 
an infinite sequence. This in our example is expressed by the fourth case in 
the definition of the w-valuation function. 


5 Weighted Generalized Buchi Automata with 
e-transitions over Product w-valuation Monoids, 
and Generalized Product w-valuation Monoids 


Let (K,+,-, Val”, 0,1) be an idempotent product w-valuation monoid, and A 
be an alphabet. We introduce now the models of weighted generalized Biichi 
automata with ¢-transitions and weighted Biichi automata with ¢-transitions 
over A, and K. We note that weighted Biichi automata over w-valuation 
monoids have already been considered in [13, 24]. 


Definition 3 


(i) A weighted generalized Biichi automaton with e-transitions (e-wgBa 
for short) over A and K is a quadruple A = (Q,wt,I,F), where Q 
is the finite set of states, wt : Q x (AU {e}) x Q > K is a mapping 
assigning weights to the transitions of the automaton, I is the set of 
initial states and F ={F\,..., Fj} is the set of final sets F; € P(Q), 
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for every1 <i <1. For everyt € Q x {e} x Q we require that 
wt (t) = 0 or wt (t) =1. Moreover, for every (q,€,q') € Q x {e} x Q 
with wt(q,e,q’) = 1, and every i € {1,...,l}, we have q € F; iff 
/ 

¢ € F;. 


(ii) An ¢-wgBa is a weighted Biichi automaton with e-transitions (e-wBa 
for short) if | = 1, 1.e., there is only one final set. 


(itt) An e-wBa is a weighted Biichi automaton (wBa for short) if for every 
gd €Q it holds wt (q,¢,q') = 0. 


If A =(Q, wt, I, F) is an e-wBa, then we simply write A =(Q, wt, I, F). 
Let w = aga,... € A® with a; € A(t >0). A path P, of A over w is an 
infinite sequence of transitions Py = (4j,b;,dj+1) js, 6; € AU te} G 2 9), 
such that w = bob, .... Let ig < 141 < ig < ig < ... be the sequence of 
positions with b;, = a, for every k > 0, and ho < hi < hg <h3 <... be the 
sequence of positions with b,, = € for every | > 0. Then, we let the weight 
of Py be the value 


if wt (dn,5€, 941) = 1 
Val” (wt (4i,, Qk, % re 
weight, (Pw) = (wt (Gi Oe G+) )K>0 for every 1 > 0 


(0) otherwise 


Let Py = (9j,5j, +1) ;50> b; € AU {e} (j = 0) be a path of A over w. 
The set of states that appear infinitely often along P,, is denoted by In® (Py) . 
The path P,, is called successful if qo € I and In® (P,,) 0 F; 4 0, for every 
i € {1,...,1}. We shall denote by succ, (w) the set of all successful paths 
of A over w. The behavior of A is the infinitary series ||.A|| : A” > K with 
coefficients specified, for every w € AY, 


(|Al],w) = Ss" weight, (Pw). 


Pw€succ,(w) 


Remark 2 In the definition of our e-wgBa we impose a restriction on the 
weights that wt assigns to €-transitions. More specifically, we require that 
e-transitions have weight 0, or 1, and that 1-weight ¢-transitions are only 
allowed between states that belong to the same final subsets of the automaton. 
As it will be presented in the sequel, this restriction is sufficient for expressing 
the intuition of the translation of our weighted formulas to e-wgBa, as we 
will need transitions that reduce formulas without modifying the weight of the 
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path, and in the same time respecting the conditions imposed by final subsets. 
In the general framework, with this definition we obtain a generalization of 
wBa that allows flexibility to move between states, and at the same time 
respects acceptance conditions, and weight computation that are determined 
by transitions that consume a letter of the input word. 


Remark 3 As mentioned before, wBa over w-valuation monoids have al- 
ready been considered in [13, 24]. In contrast to [13, 24], in our notations we 
do not explicitly define a set of transitions as a subset of all possible triples 
(q,a,q'), and then use a weight function to assign weights to the elements of 
this subset. Our weight function wt assigns weights to all possible transitions 
of the automaton, and then, similarly to [18, 24], we obtain the weight of 
a path by applying Val” to the sequence of weights of the transitions of 
the path. By the definition of Val”, if the weight of one transition is 0, 
then the weight of a path is O. This implies that given a wBa defined by 
Definition 8, we can obtain an equivalent wBa defined as in [13] with a set of 
transitions at least the ones with non-zero weight at the original automaton, 
and vice-versa. Given a wBa defined as in [13], we can construct a wBa 
defined by Definition 3, by assigning the weight 0 to every tuple (q,a,q’) that 
does not belong to the set of transitions of the original wBa. Hence the two 
notations lead to equivalent definitions. We note that for [24] we refer to 
the simplest form of wBa introduced in that paper. 


Two e-wgBa are called equivalent if they have the same behavior. We shall 
also denote an €-transition with weight=1 by > and we will write —- for the 
transitive and reflexive closure of — . Finally, for every w = ag...an € At 
we shall denote by q -> q/ a sequence of transitions Che diti)o<j<n with 
go = q, and gn4i1 = q. Now, we let — 


pria (w) = {weights (Pw) | Pw € succ, (w)} 


for every w € A”. 

é-wgBa (resp. ¢-wBa, and wBa) over generalized product w-valuation 
monoids are defined in the same way with ¢-wgBa (resp. ¢-wBa, and wBa) 
over product w-valuation monoids presented above. 


Lemma 4 Let (K,+,-,Val”,0,1) be an idempotent product w-valuation 
monoid or an idempotent generalized product w-valuation monoid. For every 
e-wgBa over A and K we can effectively construct an equivalent c-wBa. 
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Proof: Let A =(Q,wt,I,F) be an ¢-wgBa over A and K with F = 
{F\,..., Fj}. We let A’ = (Q’', I’, wt’, F’) be an e-wBa defined as follows: 


OHO Heel, 
eP=Ix{1\, 
e For every ((q,7),6,(d,7)) € Q x (AU {e}) x Q we let: 
wt’ ((q,2) ,b, (q', J) 
if (b€ Aji=Jj and gq ¢ Fj) 
wt(q,b,q') or (b€ Ajj = (i+1)modl and q€ F;) 
or (b=e and 4 =7) 
0 otherwise 


e B= Fe fib: 


We will prove that pri, (w) \ {0} = pri, (w) \ {0} for every w € A”. 
To this end let w = aga,... € AY and Py = (qi, i, G%-+41);s9 be a successful 
path of A over w with weight, (Pw) 4 0. Moreover, let i9 < iy < ig < 
ig <... be the sequence of positions with bj, = az, for every k > 0, and 
ho Shy < ho < hg <... be the sequence of positions with b;, = € for every 
1> 0. It holds 


Val® (wt (dix, ks Gx +1) p59 FO and wt (Gn,,€, Gn, +1) = 1 for all k > 0. 
We define the path 


E = ((di, 91) Dis (Gi+1, 9i4+1))§>0 

of A’ over w by setting go = 1 and for every i > 1, we point out the following 
cases. If b;_1 # €, we let g; = gi_-1 if @_-1 ¢ Fy,_,, and gj = (gi-1 +1) mod l 
if q—1 € Fy,_,. If bi-1 =, we let g: = gi-1. By construction P’, is successful 
and for every i > 0 it holds 

wt! (dis gi)» bs, (Git, 9i41)) = wt (Gi, bi, G41) 
which implies that 

weight (P.,) 

= Val” (wt! (dix ) Giz) » ak; (Gi,41 Gix+1))) n>0 

= Val™ (wt (Gi, Gk, Gix+1)) K>0 

= weight, (Pw). 
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We thus get pri, (w) \ {0} C pri (w) \ {0}. In order to prove the oppo- 
site inclusion we let P’, = ((qi, gi) , bi, (Gi+1, Ji+1));>9 be a successful path 
of A’ over w with weight (P/,) 4 0, which by construction of A’ implies 
wt! (di, 9s) bi, (Git1, Gi41)) = wt (a, bi, G41) and either b; € A,gi = gi41 
and q ¢ Fy,, or b; € A, gi41 = (gi +1) mod! and q € Fy,, or bj = € and 
G = Ggi41. Then, Py = (qi, bi, Gi+1);>9 iS a successful path of A over w and 


weight 4: (Bi) = Val” (wt! (digs Gin) » ak, (Gi, +1; 41) So 


Val” (wt (qi,; Ok, dix+1))K>0 
= weight (Pw) 


where the sequence of positions i9 < i; < ig <i3 <... is defined as before. 
Thus, priy (w) \ {0} C pri, (w) \ {0}. Which implies that 


pria: (w)\ {0} = pria (w)\ {0}. 


Hence, 
(4|.~)= Do k= DD k 
kepri_ 4: (w) kepri ys (w)\{O} 
= DO k= DO k= (Al, ~), 
kepri,(w)\{O} kepri,(w) 


where the first and last equality hold due to the completeness axioms of 
the monoid and Lemma I(ii), and this concludes our proof. For idempotent 
generalized product w-valuation monoids we can prove the lemma’s claim 
using the same arguments. 

We shall need some auxiliary definitions. Let A =(Q,wt,I,F) be 
an €-wBa over A and K, w = aga,... € A” and Py = (G, Gi, G+1);59 € 
succ, (w) with no e-transitions. We consider the set of paths Paths (Py) C 
succ, (w) containing P, and every path derived by Py if we replace one or 
more transitions (qj, @;, i+1),7 > 0, by a sequence of transitions of the form 


G > 73 9-> a1. Furthermore, we let 


Ve {k € K | 4P, € Paths (P,) with weight 4 (Pu) = kf 


Lemma 5 


(i) Let (K,+,-,Val”,0,1) be an idempotent product w-valuation monoid. 
For every e-wBa over A and K we can effectively construct an equiva- 
lent wBa over A and K. 


A Translation of Weighted LTL Formulas to Weighted Btichi Automata over 
w-valuation Monoids 239 


(it) Let (K,+,-,Val”,0,1) be an idempotent generalized product w-valuation 
monoid. For every e-wBa over A and K we can effectively construct 
an equivalent wBa over A and K. 


Proof: 


(i) Let A =(Q, wt, I, F) be an e-wBa over A and K. We define the wBa 
A’ = (Q, wt’, I, F) by setting 


wt (q,a,7)= S> wt(Ga,9). 
q.q€Q 
q>Gq>d' 


We let w = aga,... € A® and Pi, = (Gi, 4i, Git1)js9 € Succa’ (w) . For 
all i > 0 it holds wt! (qj, ai, G41) = ys wt (qi, ai, g;). Then, 
Gis GEQ 


GE TOU 


weighty (P’,) = Val” S- wt (Gi, Gi, %) 
Gis4iEQ 
LOG Gi G41 i>0 
= SS Val” (wt (Gi, ai, Gi) )is0 
1>0 
GiGi Q 


we ae 
GE GG 41 


where the second equality holds by the distributivity of Val® over 
finite sums. Clearly, P’, is also a successful path of A over w and it 


holds weighty (P!,) = a weight, (Pu) = Ss" k. The last 
P,,€Paths(P,) keV py 

equality is concluded by the completeness axioms of the monoid and 

Lemma 1(ii). Hence, we get 


(l4’Iv) = DES ea =) Des da & 


Pi,Esucc 41 (w) keV pr Pl,Esucc 41 (w) kEVps \{O} 
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We show that ty) Vp | \{O} = pri, (w)\ {0}. The first 


Pi,€succ 41 (w) 


inclusion U Vp: } \{O} © pri, (w)\ {0} holds by defini- 
Pi,€succ qr (w) 
tion of Vp,. To prove the converse inclusion, i.e., pri, (w) \ {O} C 


U Vp: | \{O}, we prove that for every k € pri, (w) \ {O} 
Pi,€succ yi (w) 
there exists Pi, € succy’ (w) such that k € Vp. To this end we fix a 
k € pri, (w) \ {0} and we let 


w(0)--20(F1=1) w(r)-.00(kr+ke= 1) 


ok ok 
Pw > Gy diy tki > Gig 


* w(kitk2)...w(ki+k2+k3—1) * 
Gigtkz — iz = digtkg —? ++ 
be a successful path of A over w with weight, (Pw) = k,k; € N,j > 1. 
We define the path P’, of A’ by setting 


w(0 w(l 
P. : Go ue) Giy4+1 uy Wij4+2--- 
w(ki—1) w(k1) 
60+ Giytki-1 > Giytky — Giotl--- 


w(ki+kg—1) 
+++ Qigtka—-1 Sh Vigtkg +++ 


By Definition 3 we get that P’, € succ,4: (w) (observe that for every 
j = 9, dite; © F & Gi;,, € F, where kg = ig = 0). Moreover, 
Pi, € succ,a (w) and weight, (Py) € Vp: as wanted. Hence, 


(4'].~)= do » F 
P!,eEsucc(A’) kEVps \{O} 


= YO k= DO k= (Al, ~) 


kepria(w)\{0} kepria(w) 


and the proof is completed. 


(ii) Let A =(Q, wt, I, F) be an e-wBa over A and K. We define the wBa 


A = (Q,wt,I,F) by setting Q = QUS where S = {sq | q€ Q} 
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is a set of new states. Moreover, we let J = {s,|q¢I}UI, F = 
{sg|q€ F}UF, and for every (p,a,p) € Q x A x Q we set 

if p = 39,p = 87 € S 

and there exist g,q' € Q, 


with wt (q, a, q7') = 1, 
q> G7 77 
wt (p,a,D) = ifq@ =p,q2 =P EQ, or if 
LV wt(Gag p=n€Q, P= sq, €S, orif 
qqEQ pP=8q, €S5,P=RM EQ 


1 >G,9->42 
wt(q,a,q) 41,0 


0 otherwise 


We let w = aoa... € AY” and Pl, = (qi, ai, Gi+l)i>0 € succg (w), with 
non-zero weight, such that gq; € Q for alli > 0. Then, 


weight; (Pi,) = Val” Ss wt (Gi, ai, %) 
Gi, G€Q 
G>T G 41 
wt (Gi ,4,4;)#1,0 i>0 
— S- Val” (wt (Gi; 4i, 4) )iso 
Gi,4iEQ 


GG Tj i411 
wt (di 10,9; )#1,0 


where the second equality is obtained by the distributivity of Val” 
over finite sums for generalized product w-valuation monoids. For 
every Pi, = (di, Gi, Ui+1);>0 € Succg (w) such that q € Q for alli > 0, 
we consider the set of paths Paths (P/,) that contains all the paths 
derived by P’, if we replace one or more states in P’, by its decoy in S. 
Clearly, every path in Paths (P/,) is a successful path of A over w and 
it holds 


weightZ (Fi) + oe weightZ (Pu) = Ss" k. 
PwéPaths(P’,) keV pr 
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Hence, we get 


(|Al] .~) 
= SS weightZz (25) 
Pi, €succg(w)n(Qx AxQ)* 
Be Ss" weights (Pw) 
Pi,esuccyz(w)A(Qx AxQ)” 
PwéPaths(P!,) 
= S- weightZ (Pi) + S> weightZ (Ps) 
Pi, Esuccgq(w)n(Qx AxQ)*” Pw€Paths(P!,) 


oe ai, 


Pi, €suceg(w)MQxAx@)” \kEVpr 


ee ae 


Pi, €succg(w)(QxAxQ)* keV py \{O} 


We note that the second equality holds by the completeness ax- 
ioms of the monoid. Using the same arguments as in case (i), and 
taking into account that for every k € pri,(w)\{0} there exists 
Pi, € succg(w)N (Q x Ax Q)” such that k € Vp, we can prove 


that U Vp: | \{O} = pri, (w) \ {0}, and thus 
Pi, €succg(w)A(Qx AxQ)* 
it holds 


({[4l| w) = x 2d, if 


Pi, €succg(w)N(Qx AxQ)” keV ps \{O} 


= SY k= DO k= (IAI, ~) 


kepri,(w)\{O} kepri,(w) 


as wanted. 


A Translation of Weighted LTL Formulas to Weighted Biichi Automata over 
w-valuation Monoids 243 


6 Weighted LTL over Product w-valuation Monoids 


In what follows, we present our definition of the weighted LTE over product 
w-valuation monoids. We recall that a weighted LTE has appeared for the 
first time in [19]. This follows the definition of weighted MSO logic over 
semirings presented in [10]. We also recall that a weighted MSO logic over 
w-valuation monoids was defined in [13], where the w-valuation function has 
been used for the definition of the semantics of the universal first order, and 
second order quantifier. Analogously, we will use the w-valuation function 
of the underlying structure for the definition of the semantics of the always 
operator of our logic. 

Let AP be a finite set of atomic propositions and K = (K,+,-,Val”,0,1) 
be an idempotent product w-valuation monoid. In the sequel we shall denote 
the elements of AP by a,b,c,.... The syntax of the weighted LTL over AP 
and K is given by the grammar 


gu=kl|al-alyVve|erag|Oey| ey | Oy 


where k € kK andae AP. 
We denote by LTL (kK, AP) the class of all weighted LT L-formulas over 
AP and Kk. 


Definition 4 The semantics ||p|| of formulas p © LTL(K,AP) are rep- 
resented as infinitary series in K (((P(AP))*)) inductively defined in the 
following way. For every w € (P(AP))® we set 


e ([Al|,w) =k, 


_f 1 ifaew(0) 
© Mella) = 0 otherwise 


{ 1 ifa¢w(0) 


O otherwise 


, 


e ((|Fal| ,w) = 


(eA vil, w) = (ell. wv): (ell), 
© (lev vl, w) = (ell, w) + (vl), 
(Ovl|, w) = (Ilell, wes); 


e (|eUy||,w) 
aa S Val” (([lell ,w>0) peney (Ilyll , W>i-1) ) (lvl , W>i) ae ee a , 
i>0 


© (|Cyl|,w) = Val? (lel, w>s))s0- 
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We shall denote by true the formula 1 € K. The syntactic boolean 
fragment bLTL (kK, AP) of LTL(K, AP) is given by the grammar 


p:=0|true|a|-al evel pAy|Oy| pUy | Oye 


where a € AP. Inductively, we can prove that Im (||y||) C {0,1} for every 
y € bLTL (kK, AP) and the semantics of the formulas of bETL (kK, AP) and 
the corresponding classical LT L formulas coincide. Let y, € LTL(K, AP). 
We will call y, w equivalent if (||| , w) = (||¢|| , w) for every w € (P(AP))”. 


Proposition 1 For everyy,w € LTL (K, AP) the following equivalences hold: 


© bAW= YW, whenever w is boolean 

e pAW=VApy, whenever vy is boolean 
e yAtrue= 

© OAV) = (Ov) A (OW) 
© O(eV ¥) = (O¢) Vv (OY) 
© O(eUd) = (Ov) U (Ow) 
e O Oy) =O(Ov) 

e Ok=k, for allke K 


As in [21] we let an LTL-step formula be an LTL (K, AP)-formula of the 

form VV (ki A yi) with kj € K and y; € bLTL (Kk, AP) for every1 <i<n. 
1<i<n 

We denote by stLTL (K, AP) the class of all LT L-step formulas over AP 

and K. We introduce now the syntactic fragment of restricted U-nesting 

LT L-formulas. 


Definition 5 The fragment of restricted U-nesting LTL-formulas over 
AP and K, denoted by RULTL(K,AP), is the least class of formulas 
in LTL(K, AP) which is defined inductively in the following way. 


e ke RULTL(K,AP) for everyk € K. 


e DLTL(K, AP) C RULTL(K, AP). 
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If p € RULTL(K, AP), then Oy € RULTL(K, AP). 


Ife, € RULTL(K, AP), then pV € RULTL(K, AP). 


If p € bLTL(K, AP) and € RULTL(K, AP), 
then pAW,WAy € RULTL(K, AP). 


e Ify,w € stLTL(K, AP), then pUy € RULTL(K, AP). 


e Ifo € stLTL(K, AP), then Oy € RULTL(K, AP). 


Remark 4 Let p € LTL(K,AP). We will say that y is of form A, if it is 
of the form p = \ pi, n > 1, where there exist at most onei € {1,...,n} 
1<i<n 
such that p; ¢ bLTL (K, AP), and for alli € {1,...,n}, yp; is not a finite 
conjunction A, A...A\A, with k > 2. We can prove inductively in the structure 
of RULTL (K, AP)-formulas that every p © RULTL (K, AP) is of form A. 
For p=k, p=a4, p= 0,7 = Ov, v= Ve",9 = Wus, p =O" where 
g',y" € RULTL(K, AP) ,£, € stLTL(K,AP), wehavep= /\ 9; with 


1<i<1 
v1 = yp. Assume that p = AE where py = \ Wy; € RULTL(K, AP), and 
1<i<n 
— /\ €; € bLTL(K, AP) are in form A. Then, p = A yi, where 
l<jgm 1<i<mtn 


C= Galea 8, ond Oy = tal = J Sm, 48 also mn form:A, 1263, pj 
is not a conjunction Ay A\...A\ A, with k > 2 for alli € {1,...,m+n}, 
and since € is boolean, there exists at most ani € {1,...,n+m} with 
yi ¢ bLTL(K, AP). 


A formula y € LTL (K, AP) is called reduced if (a) for every subformula 
of the form y, A...A yp with k > 2 it holds: y; 4 true for every 1 <i<k, 
and y; # y; whenever yj, 9; with 1 <i < j < k are boolean and (b) no until 
operator is in the scope of any next operator. For every y € LTL (K, AP) 
we can effectively construct an equivalent reduced formula by applying the 
equivalences of Proposition 1. We shall denote this formula by Qe. 

In the sequel, we prove that for every reduced restricted U-nesting 
formula y there exists an ¢-wgBa accepting its semantics.We recall that 
the value assigned by ||y|| to an infinite word w is computed by induction 
on the structure of y. Moreover, in the induction for the semantics of the 
©,U, and U operators we compute the values assigned by the semantics 
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of subformulas of y on suffixes of w. It is our aim to define Ay in a way 
that it simulates the above induction. For this we define the states of the 
automaton as sets of formulas, and every non-empty state will contain a 
maximal (according to subformulas relation) formula. The weights of the 
transitions are defined so that successful paths with non-empty states will 
simulate the inductive computation of the semantics of the maximal formula 
of the first state of the path. We consider as non-empty initial states of the 
automaton the ones with maximal formula y. We recall from [30] that if 
yp € LTL(K, AP), the closure cl (vy) of y is the smallest set C such that 
(a) pEC, (b) if PAE EC, or W~VEEC, or WUE € C, then w,€ € C, and 
(c) if Ow € C or Ow € C, then wv € C. In fact cl (y) contains vy and all its 
subformulas. 


Definition 6 /21/Let p €¢ LTL(K, AP). A subset B of cl(y) will be called 
y-consistent if B =), or the following conditions hold. 


e For everya€ AP, a€ B implies 7a ¢ B, 

e EB, 

e IFWAEECB, then y,€ € B, 

e IfwVEECB or WUE CB, thenw € BorEE B, 
e IfOW eB, thenwe B. 


Example 3 Let Rmin = (R+U {00} ,min,+,00,0) be the tropical semir- 
ing. It is well known that the tropical semiring is idempotent totally com- 
mutative complete (see Chapter 5 in [21]). Let AP = {a,b}, and y = 
aVb€ RULTL (Rmpin, AP). Then, {0,{aV b,b} , {a V b, a}, {a V ba, b}} C 
P (cl (y)) is the set of all p-consistent sets. 


Example 4 Let AP = {a,b,c}, and py = (aA 2) V (bA3),¥ = pU (Cc) € 
LTL(Rmin, AP). Then, By = {p,aA2,a,2} is a y-consistent set, and 
By = {¥, 9, aA 2,a,2} = {pW} U By is a ~-consistent set. 


Let yp € LTL(K, AP) and B 4 0 bea y-consistent set. Let also y’ € B, 
and A,T be y’-consistent subsets of B. Then, with standard arguments we 
get that AUT is also a y’-consistent subset of B. This implies that for 
every » € LTL(K, AP), y-consistent set B, and a € cl(y), there exists 
the greatest (according to subset relation) w-consistent subset of B. Keeping 
the notations of [20], we denote this set by Mg.y. Clearly, if ~ € cl (vy) \B, 
then Mp. = 9. Moreover, we shall denote a y-consistent set B by By. 
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Definition 7 [21] Let p ¢ LTL(K, AP) and By be a p-consistent set. The 
finite set of formulas next (B,) C LTL(K, AP) is defined in the following 
way. We set next (0) = {0} and for By £9, 


e if p=a, or p=-a, or p=k,a € AP,k € K, then next (B,) = {true}, 


° een then 
next ( By ay /\ 4 | y E€ next (Mz, ws é! E next (Mp,c)}, 


e ifp=VVE, then next (By) = next (Mp,) Unezt (Mz, ¢) , 
e ify =O, then next (By) = {y}, 


e ifp = ue, then 
neat (By) = next (Mz,, : U {pry |v € neat (Mp, w)}, 


° if p =QOy, then next (By) = {pA |v! € next (Mp,v)}. 


The elements of next (B,) will be called next formulas of By. Clearly, 
every formula in next (By) is a finite conjunction of the form \ Wi 
1<i<k 

where for every 1 < i < kw € cl(y) or % = O or % = true. Us- 
ing induction on the structure of y we can easily derive that for every 
yp € bLTL(K, AP) (resp. yp € stLTL(K, AP), p € RULTL(K, AP)) and 
y-consistent set By, it holds next (B,) C bLTL (kK, AP) (resp. next (By) C 
bLTL (K, AP) ,next (Bz) C RULTL (kK, AP)). We recall that the value as- 
signed by ||y|| to an infinite word w is computed by induction on the structure 
of y. Moreover, in the induction of the semantics of the O,U, and U op- 
erators we compute the values assigned by the semantics of subformulas 
of y on suffixes of w. Next formulas of a y-consistent set indicate the formu- 
las whose semantics should assign a value to w>1 so that (||y|| ,w) can be 
effectively computed. 

Next, we define inductively for every formula y € LTL(K,AP) and 
every y-consistent set B,, a mapping vg, : next (By) > K assigning values 
from K to next formulas of B,. We let vg (0) = 0. Now, assume that By # 0. 


e For yp=keE K, vy, (true) =k. 
e For y =a or y=~a with a € AP, we set vj,} (true) = 1. 


e Let p= PAE. We let vp, (YA €') = ump,» (Y’) - Ua, ¢ (€’) where 
wy!’ € neat (Mp, y),€' € next (Mg, ¢). 
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e Next, let py = WV €. For every y’ € next (Mz, ) U next (Mz,,¢) 
we let vp, (¢') = ump, y (¢') + UMp,¢ (y’) where abusing notations 
UMp,» (~’) (resp. UMp,.<(Y)) will stand for O whenever 
y’ € next (Mp, y) (resp. v' ¢ next (Mg, ¢)). 


e Assume that y = Ow. Then, for the unique element 7 of next (By) 
we set vp, (w) = 1. 


e For p= UE, we let up, (pA v')=UmMp, ,, (y’) where Enext(Mp,.u), 
and vp, (&’) = UMp,.¢ (€') with &’ € neat (Mp,,¢) : 


e For p=Liy, weset vp, (p Ay") = UMpy (~b") where o’ Enext (Mz,y) - 


Example 5 Let AP = {a,b,c} and y = (aA 2)V(bA 3) € LTL (Rmin, AP). 
For By = {y,aA 2,bA 3,a,2,b,3} we have next (By) = {true A true} and 
up, (true A true)= 0 . 

Now, let » = pU (Oc). For By = {¥,p,aA 2,bA 3, a, 2, b,3, Oc} we 
have next (By)= { A (true A true) ,c}. Thus, vg, (~ A (true A true)) = 0 
and vp, (c) = 0. 


In the sequel, we use next formulas of a set B, and the mapping vz, to 
define the non-e-transitions of the desired automaton and their weights. More 
precisely, the states of the automaton will be consistent sets of formulas. We 
allow non-e-transitions with weight¢ 0 only from a set By, to a set By with 
y’ € next (By), and the weight of this transition will be equal to vg, (y’). 
We will also use ¢-transitions with weight=1 to move from a y-consistent 
set to a Yre-consistent set, i.e., through the ¢-transitions we will reduce 
formulas by erasing from conjunctions multiple copies of identical boolean 
formulas and the formula true. This reduction ensures that the state set of 
the automaton is finite. It is also crucial that we reduce formulas only with 
e-transitions, since otherwise the reduction should change the structure of a 
formula, and thus the computation of vg, would not be well defined. 

Let y,w € LTL(K, AP) and By, By, y-consistent, w-consistent sets 
respectively. We say that By is reachable by By, if there exists a se- 
quence ¥,...,9; € LTL(K,AP), and Byy,...,By,;, Po-consistent,. . . .pj- 
consistent set respectively, such that (i) yo = y,...,~; = W, and (it) for 
every 0 <1 < j—1 if y is reduced, then yi4i1 € next (By,), otherwise 
Pl+1 = (P1)re. Observe that, since yo is reduced, the formulas y (1 <1 < 7) 
satisfy condition (b) in the definition of reduced formulas. This implies that 
reduction, whenever it is applied, reduces only conjunction. Let reach (By,) 
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contain all sets of formulas reachable by B,,. As the following remark shows 
reach (By) is not finite in general. 


Remark 5 /21/ We let AP = {a,b,c}, p =O (O (aA 2)) € LTL (Rmin, AP), 
and By = {y, U(aA 2),aA2,a,2}. Then, for every j > 1, every consistent 


set of the formula p A \ Wi) with » =O (ad 2) (1 <i < 7) belongs to 
1<i<j 
the set reach (By), and hence reach (By) is not finite. 
Let now y = ((aA2)Uc)Ud and By = {p,(aA2)Uc,aA 2,a,2}. 


Then, for every 7 > 1, every consistent set of the formula yp A \ Wi; 

1<i<j 
with Wi = (aA 2)Uc(1 <i <j) belongs to the set reach(By), and hence 
reach (By) is not finite. 


However, the situation is different, if we consider formulas from RULTL(Kk, AP). 


Lemma 6 Let y € RULTL(K, AP) be reduced and By be a y-consistent 
set. Then, reach (By) is finite and effectively computable. 


The previous lemma is proved with the same arguments as in Lemma 94 
in [21]. 


Definition 8 Let y,y © RULTL(K, AP). For every 7 € P (AP) the triple 
(By,7, By) is called a next transition if the following conditions hold. 


e For everya€ AP, a € By implies a € 7, and 7a € By implies a ¢ 7, 
e ¢ is reduced and w € next (By) . 


Definition 9 Let p © RULTL(K,AP). Then, for every By, By, with 
By #0 and Bo, # QO the triple (By,¢,By,.) 1s called an ¢-reduction 
transition. 


Sometimes in the sequel an ¢-reduction transition will be called for sim- 
plicity an ¢-transition. Next, for every reduced RULTL (kK, AP)-formula y 
we construct an e-wgBa A, and show that y and A, are expressively 
equivalent. 


Definition 10 Let y € RULTL(K, AP) be reduced. We define the e-wgBa 
Ay =(Q, ut, I,F) over P (AP) and K as follows. We set 
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eQ= U ({By} U reach (By)), 


e [={B, | By: y-consistent set}, 


if (By, 6, Be) ts a neat transition 


UB, (§) 
d Be #0 
© wt (By, b, Be) = Loe | - 
1 if (By, b, Be) ts an e-reduction transition 
0 otherwise 


for every (By, b, Be) € Q x (P (AP) U {e}) x Q, and 
© F={Fyuy | p'Uyp" € cl (y)} where 


Bs #9,¢= M9 is of form A with 
Fyug = \ Be €Q | 1<i<k 
pF pug" L<ick 


for every y/Ug" € cl (y). 


Observe that for every y'Uy" € cl (y), and every non-empty By, By, € Q, 
the relation By € Fy, implies that By,. © Fyyy, and vice-versa. Thus, 
the e-transitions of the automaton are well defined. We note that if y contains 
no U operators, then we have no acceptance conditions, which means that all 
infinite paths that start with a y-consistent set are successful. Now, let w € 
(P (AP))* and Py, = totitg... be a successful path of Ay over w. If there is an 
i > 0, such that ¢; is not a next transition or an ¢-reduction transition, then 
weight, (Pw) = 0. We shall denote by next, (w) the set of all successful 
paths of A, over w composed of next and e-transitions only. For the rest of 
this section we let pri,, (w) = {weights, (Pw) | Pu € nexty, (w)}. 


Remark 6 Let » © RULTL(K, AP) be reduced and p,Uy2 € cl (vy) such 
that piUye does not appear in the scope of an always operator in yp. Then, 
for every w € (P(AP))” and Py € nexty, (w), there is a state in Py 
such that all the subsequent states are in Fy,Uy,. More precisely, for every 
piUy2 € cl(y), if there is a neat transition in the path where a nect 
formula of the maximal ~1U y2-consistent subset of the beginning state (of 
the transition) appears as a part of the conjunction defining the maximal 
formula of the arriving state, then, after a finite number of next transitions 
and since Py is successful, there is a next transition where the next formula 
of the maximal ~1U y2-consistent maximal subset of the beginning state of 
the transition is a next formula of the maximal yo-subset of the beginning 
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state, t.e., a formula that is a conjunction not containing piU ye. Since this 
holds for every appearance of yi:U 2, we conclude that there is a state in Py 
such that all the subsequent states are in Fy,Ug»- 


Next, we prove by induction on the structure of a reduced 
RULTL (kK, AP)-formula y that Ay accepts ||¢|| . 


Lemma 7 Let gy = a,y = 7a, ory = k, witha € AP, k € K. Then, 
|Agll = Il¢ll- 


Proof: Let p=k € K\ {0,1}. Then, the automaton A, = (Q, wt, I, F) 
is defined in the following way. 
e Q={0,{k}, {true}, {OF} 


k ifq={k},q = {true}, and be P(AP) 
ji te ifg=q',q#9, and b=e, or 
Ce eae if qg=q' = true, and b € P (AP) 
0 otherwise 


e T= {tk}, 0} 


The automaton contains no final subsets, i.e, F =). Let Py € next, (w). 
Then, the next transitions appearing in the path either form the sequence 


({k} ,w (0), {true}) (({érue} , w(t), {true}))is1 » 


or the sequence 


(0, w (0), {O}) ({O}, w (1), {true}) (({true} , w (2), {true}))js9- 


In the first case, using Property 3 we get weight, (Pw) = Val® (k,1,1,1,...) 
= k, and in the latter case weight, (Pu) = Val” (0,0,1,1,1,...) = 0. 
Hence, we get for every w € (P (AP))*® 


(Ag, w)= Sp = k= (lI ,w) 


k’epria, (w) 


as wanted. The lemma’s claim for y = a,y = 7a, py = 0, y = 1 can be 
proved with similar arguments. 


Lemma 8 Let w,€ € RULTL(K, AP) andy=WVv €. If Ay, Ag recognize 
|||, ||E|| respectively, then Ay recognizes ||y|| . 
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Proof: Let w = mom... € (P(AP))* and Ay = (Qi, wti, hh, Fi), Ae = 
(Qe, wte, I2, F2) and A, = (Q, wt, I, F). First, we prove that 


So k< SO k+ SO. 


kepria, (w) kepria,, (w) kepria, (w) 


To this end we show that for every path P,, € next,,, (w) there exist paths 
Pi, € neaty,, (w),P2 € neaty, (w) with 


weights, (Pw) = weight, CE) + weights, (2) . 


We let 


Py: By > BL 3 By > By, 4 By, > Byz,--- 
be a path in nerty, (w) with weight 4, (Pw) 4 0. This implies that 
wt (Bi, m0, Bot) #0 and wt (Bik Mis Byitt) #0 
for every 1 > 1. Then, by definition 
(a) y! € next (Mp..0) \next (Moy) and 
wt (By, 7%, Byt) = OMB! g"), 
or 
(b) yp! € next (Mp,.«) \neat (Mp,,.) and 
ut (By 10, By) = Only, (0) 
or 
(c) vy! € next (Mp..0) (neat (Mp;.<) and 


/ — 
wt (Bi, mo, By) = UMpr, ye) + UMgy, ele): 


If (a) holds, then the path 


Pipi Bae Bie Be Be ee 


of Ay over w is successful, hence Pi, € nert,, (w) and weights, (Pw) = 
weight 4, (Pas which implies that 


weights, (Pw) = weight, (P3) + weight 4, (P?) 
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for 
Pi : (0, 0, {0}) ({0} » 71, {true}) (({true} » Ti, {true})) 0 5 
If case (b) holds, then the path 


Poe Mee) Ba Bet Bigee Bik ce. 
of A¢ over w is successful, ie., PZ € next, (w), and 
weights, (Pw) = weight, (ER) + weight 4, (P3) 


for 
Py, : (0,770, {O}) ({O} , m1, {true}) (({true} , mi, {true})), x9 - 
If case (c) holds, then 


Mp, (y") + UMpy ¢ (y*) = vy, (v") 


and for the paths Pj, P? of Ay,A¢ respectively, defined as in cases (a) 
and (b) respectively, we get 


weights, (Pw) = weights, (Fe) + weight, (23) . 


More precisely, for ky = vy, i (y") ka = UM, : (y") it holds 
yp? ? 


weights, (Pw) 
= Val” (wt (Bi, m0, By) swt (Ba. 7i5 By2) ,wt (B,2,, 2, B,s) ge) 
= Val* (ky + ko, wt (By, 71, Bz) ,wt (Baz, TT, Bes) sais .) 
= Val” (kx, wt (Bor tay Bee) swt (Be, 72, Bys) ie 3) 
+ Val” (ko, wt (Bais ™, By) ,wt (Ba: TT, B,s) ee .) 
= weights, (Pw) + weights, (Pw), 
where the third equality holds by the distributivity of Val” over finite sums. 
We have thus shown that for every k € pri,, (w) there exist kle 
pri, (w) + pria, (w) such that k < k’ and by Lemmas liv, 2 we get 


s RS as k (4) 


kepriag(w) —kepria,, (w)-+pria, (w) 


a Sa. a ae: 


kepria,, (w) kepria, (w) 
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We now show that 


S| hee SRS. SS Fe 


kepria,, (w) kepria, (w) kepria, (w) 


Assume that 


Pi: By > By 3 By > Bya, By: > Bya, --- 


is a path in nexty,, (w) with weighty, (Pi) #0. We set By = Buty Vek. 
Then, the path 


Py: BY 3 By > By, 3 Byz > By2,... 


is a path of Ay over w in next,, (w) and we claim that weighty, (Pw) = 
weight 4, (Pe) . It suffices to prove that 


wt (Bi, 70, By) > wth (By, 70, By) ; 


then our claim is derived by Lemma 3. If ~! ¢ next (lp, ¢) , then the 

equality holds by definition. Otherwise, wt (Bi, 70, By) = UB, (1) = 
1 1) _ 1 Wi 

Uma y (1) +My ¢ (U1) = vey, (U4) + UM ¢ (WH) = wer (BY, 70, By) + 
1 . 

UMpy,¢ (w ¥ ie., wt (Bi, 70, By) > wt (B),, 70, By) as wanted. For 

Pi, € next, (w) with weights, (Pj) = 0 it trivially holds weight4, (Pw) > 

weighty, (Pj) for every Py € nert,y, (w). 

Similarly, for every path P? € neat A, (w) there exist a path Py € 
next, (Pw) with weight,, (Pw) = weights, (P) . Hence, for every k € 
pria, (Pw) (resp. k € pri,, (w)) there exists a k! € pria, (w) such that 
k <k'. This implies that S> k< So k and SO k< 

kepria,, (w) kepria, (w) kepria, (w) 
Ss" k. Again by Lemma 2 and idempotency we get, 
kepria, (w) 


SO ee De RE Dk (5) 


kepria,, (w) kepriag (w) kepria, (w) 


as wanted. 
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Therefore, for every w € (P(AP))* we get 


(Agll,w)= S) k 


kepriay (w) 
= S> k+ SS k 
kepria,,(w) kepria, (w) 
(|All, w) + (Adel! w) 
= (vl, w) + (él, &) 
= (lv V €l|,w) 


where the second equality holds by 4 and 5. 


Lemma 9 Let y) € RULTL(K, AP) and p = Oy. If Ay recognizes ||| 
then Ay recognizes ||ypl| . 


Proof: Let Ay = (Q’, wt’, I', F’), Ay = (Q, wt, I, F), and w = 797... € 
(P(AP))*. We show that pri,, (w) = pri,, (w>1)- It suffices to prove 
that for every P,, € next, (w), there exists a Pi,., € next,, (w>1) with 


W>1 
weights, (Pw) = weights, (Piss) and vice-versa. For the straight impli- 
cation, our claim clearly holds if the empty state appears in Py. Now, let 
Py € next, (w) be a path with non-empty states that starts with a next 


transition, i.e., it is of the form 


Py Bye S Boa > By, SO By > Byp,... 


We have y! = wy, and wt (By, To, By) = up, (wv) = 1, where the last equality 
holds by the definition of vg,. Then, the sequence 


Pi, Ba, > By > Byz,--- 


W>1 

is a path of Ay over w>1 with Pj, € nexty, (w>1), and 
weights, (Pw) = Val® (1, wt (By1,, 771, By2) ,wt (By2,, 72, B,s) eae .) 
= Val® (wt! (By,,™, Bz) , wt! (B 


= weights, (73) : 


om Be) s) 


The second equality holds since wt (Boi amis B,i+1) = wt! (B 
for every 1 > 1, and by Property 2. 


pie? Thy Byit1) 
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w>1 > By * By + By2_... be a path in net, (w>1) 
with non-empty states. Then, the sequence 


Py: By V{Oy} 3 By 3 By > Byr, ... 


Conversely, let P’ 


is a path of A, over w with Py € nerty, (w), and 


weights, (Ps) = weight 4, (Pi, . 


If the empty state occurs in P/,., it is obvious. 


Thus, for every w € (P (AP))” we have 
(IAclw)= D> k= DSO k= (ldll,wz1) = (OVI, ~), 


kepria, (w) kepria,, (w>1) 


as wanted. 
For every y € LTL(K, AP), and every By, we let next (By) be the 
subset of next (By) containing all \ w;, € next (By) of Form A where 
1<i<k 
uw; # 0 for alli € {1,...,k}. The subsequent three lemmas will contribute 
to the proof of the remaining induction steps. 


Lemma 10 Let y ¢ RULTL(K, AP), and By, Bi, # 0 be p-consistent sets 
with By C Bi. Then, neat (By) C next (Bi,) and for every  € neat (By) 
it holds vp, (W) 2 up, (W)- 


Proof: For atomic propositions a,7a € AP, and for k € K our claim is 
obvious. Let p = AV €. If Mg, , 40 and Mg, ¢ £9, then 


next (By) = next (Mz,,,x) U neat (Mz, ¢) 
C next (Mp,..) U next (Mp,,«) 
= next (Bi) 


where the inclusion holds by the induction hypothesis since Mp, C M. Bi 
and these two sets are \-consistent, and similarly Mp, ¢ C M. Bie and these 
two sets are €-consistent. 

Moreover, for every w € next (Mz,,,n) A next (Mz,,¢) , we have 


vB}, (b) = UM gy, (Y) + UM. (Y) 
= UMBy,A (w) ale UMB,.é 7) 


= vp, (VY), 
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whereas for y € next (Mz,,,n) \next (Mz,,¢) we have 
UBL (W) = OMpr,.. (w) > UMBy,d (w) = UB, (~) . 


In the same way, for w € next (Mz,,¢) \ next (Mz,,,n) we get upy, (an) 
UB, (ww). Now, if Mp, , #0 and Mg, ¢ = 0, then 


—s 


next (By) = next (Mz,,,n) C next (Mp,,.) C next (Bi) 


and for every w € next (By), we have 
UBL (W) 2 UMpr. (w) a UMBy,d (w) = UBy (w) * 


The case Mp, = 0 and Mz, ¢ 4 0 is treated similarly. 
Let py = AA€ such that 1 € RULTL(K, AP), € € bLTL(K, AP). 
Then, 


next (By) = {x A € | Ne next (Mz,,,n) see € next (Mn) } 


Cc {x A€' | N € next (Mp...) ,€ € next (Mp...) } 
= next (Bi) 
where the inclusion again holds by the induction hypothesis since Mp, C 
Mp, and Mg,.¢ © Mpy.¢. Moreover, for every y = 0’ A €’ with WN € 
next (Mz,,,r) f/ € next (Mz,,¢) we have 
UBL (Y) = UMpr,y (’) UM} (é') 
za UMBy,. (1’) ‘UME, (é') 
= vp, (Vv) 
where the inequality holds by induction hypothesis and the fact that € 
is boolean. More precisely, by induction hypothesis it holds UMpy,» (‘’) > 
UMB,,d (\’), and UMpy (é’) > UME, £ (€’), and since € is boolean UMpy ¢ (é’)=0 
implies vp. ¢ (é’) = 0, and UMp,,¢ (é’) = 1 implies UMpy,¢ (2) = a-and 
thus we conclude the inequality. = 2s, 
Assume now that y = O€. Then, next (By) = {€} or next (By) = 0. 
i 


both cases next (By) © next (Bi) = {€}. In addition if next (By) = {€ 
then vp, () = 1 =vz, (€). 
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Next, let yp = AUE where 1, € € stLTL (K, AP) 
iieit (Bp) 
= {pAN |X € neat (Mp...) } 
U {é" | &/ € next (Mp,) } 
C {pn |X € nest (Mp;..a) } 
U {e | €’ € next (Mp...) } 
= neat (By ) , 
For w € next (B ») with » = pAN and  € next (Mz,, »), we have 
vey, () = UMgy., (%) > Unga () = vB, (W)- For wh € next (By) with p= 


é’ € next (Mp,.¢) we get vB, (bY) = UMpt ¢ (é') = ump, ¢ (€') = va, (¥)- 
Finally, if gy = DE where € € stLTL MK, AP), then 


neat (By = {pre | & € nex t(Mp,.) $ 


Cc {pre | &’ € neat (lp,..) } 


= next (Bi) : 


and for every w = pA €’, with é' € next (Mz,,¢) » we have vp, (wb) = 
UM pt ¢ ({') = Up, (€) = vB, (W)- 
Lemma 11 Let) € bLTL(K,AP) and € € RULTL(K, AP). If v,€ are 
reduced and p = ( A&),, then for every By £0 and y' € next (By) there 
exist a ~-consistent set By and a €-consistent set Be such that for some 
w' € next (By), &' € next (Bg) it holds y.. = (We \ Efe)re and vp, (y’) = 
UBy (Y’) - uB, (&'). 

Proof: Assume first that w 4~ true and € # true. We point out the 
following cases. 


(a) p= /\ Wi,€ = /\ €; and there exist: 21,...,%, € {1,...,mi} 
1<i<m, 1l<j<meo 
ADO F4yo0 5 Fh S Glsoces toy Sue that Gy = Cs... ip = oa. Then; 


g=| A vA [<3 
1<i<mi l<jxma 
JFI ys IFIN 
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and 


! n a 
=| A #1Al A & 
1l<i<mi 1<j<me2 

JAI 1s IAIN 


where yi € neat (Mp, y,),7€ {1,...,mi}, and & € neat (Mp, ¢,) 7 € 
A LieccestOy \491,t 4 IRS We let 


By={Y}U] VU Ma, 
1<i<my, 


and 


Be={hU| U Ma, 


l<jsmea 


Then, pb’ = /\ vj € next (By) and & = £"A (pi, A...AYi,) € 


1<i<my, 
next (Be) where €” = vas €;. It follows that vy. = (We A Ste)re» 
1<j<mz 
JARs IFIn 
and since Ma, ; = Mais MB, ¢; = Mp,,.é; (aa ins! <7) < sie) 
we get that 
UBy (¢’) = II UM, Wi (vi) z I UMB, &5 (€5) 
1<i<mi Isjsmea 
FD 5 IFIn 
/ / 
a= I] UMpg Hi (vi) : I UMB, §; (63) 
1<i<m4 I<jsme 
JF Dy IFIn 
/ 
' II UM Bg wig (wi,) 
1<k<h 


= vBy (Y') - oB (€) 
(b) (WA), = WA, and our claim follows by definition. 


Now, let w = true, and € # true. Then, y = (WA &),, = €, and for 
Be = By, By = {true}, = ¢’, and y" = true our claim obviously holds. 
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For the case where w~ 4 true, and € = true, and the case w = € = true, we 
act similarly. 


Lemma 12 Let y € bLTL(K,AP) and € € RULTL(K, AP) be reduced 
and € P (AP). If (By, 7, Byr) ; (Be, TT, Be) are next transitions with w' € 
next (By), & € next (Be), and vp, (¥) 4 0,vp, (é') 4 0, then for y = 
(WA €)n¢ there exist By # 0,y' € next (By), and W” € RULTL(K, AP) 
such that 


(i) (Baym, By) is a next transition for every By and 
UB, (Y’) = vB, (v") - vB, (&), 


(it) Gre = (We NU e)ne, and for every infinite sequence of next and ¢- 
reduction transitions 


Beo Bh Ba e > Ba, ay Bes 2 > Bea, Sate 


with €° = €', and UB: (et!) £0 (i> 0), there exist an infinite 
sequence of next and €-reduction transitions 


eS 
Byo 7. By + By  Byo prada Ka bases 
with 8° = wl, andvup., (+1) =vpB. (E+!) for every i> 0. 
re Abe the y 


Proof: First, we assume that both w,€ are different from true and we 
point out the following cases. 


@ev= / vse= A & | with Gm41 € RULTL(K, AP), 
1l<i<m, 1<jsm2+1 
€; €bLTL (kK, AP) for every j € {1,..., m2}, and there exist 71,...,in€ 
qlstes Glin py Geese de — {1,...,ma2} such that ~;, =ygaxeg Way, = Cis 
Then, y= /\ e= A & where , € next (Mz,,y,) for 
1l<i<m, 1<j<m2+1 
every 7 € {1,...,mi}, gj E next (Mp, ¢;) for every {1,...,m2+ 1}. 


Clearly, py = \ wil A \ Ej |. Let By = {y}U 
1<i<mi 1<j<mo4tl 
JAI y+ IAFIN 
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U Mp,.; | U U Mgz,,¢; | . We can prove that By is a 
1<i<my 1<j<m241 
y-consistent set (see proof of Lemma 107 in [21]). Moreover, Mp, 4, © 


MB, Wi and Mp. .¢; c Mp,,g; (1 <i<m,l<j< mg), which by 


Lemma 10 implies that y’ = /\\ WIA \ Gis next (Bix) 
1<i<m1 1<j<m241 
FFI FIN 
Therefore, (Be, Tr, By) is a next transition and 


ve (9) = JT] ems @)-| I] ems. (8) 
1<i<m, 1<j<me2+1 
FFP ys IFIN 


/ / 
Raa II UMB,, 1; (i) . II UMB, 5 (5) 
1<i<m, 1<jxm2+1 
JAI ys IAIN 
1 
. II OMB. £5, (a) 
1<k<h 


= uBy (W') - UB, (6) 


where the inequality is concluded due to the following: By Lemma 10, 
we get Umy, Wi (Yj) = UMp,, si (yj), and ump,,.¢, (<) 2 UMp, JE; (é) 
for every 1 <i < mj, 1 <j < mo +1. It holds UMp,, si (Wi) = 1, 
UMB, 5&5 (é) =1(1<i<m,,1< j < mz), which implies UMp, Wi (pt) 
= 1, UMg,,.6; (é) =1(1<i<m,1<j< mg). Then, taking into 
account Remark 1, we conclude the inequality. 


We have completed the proof of (i). In order to prove (ii) we set 
y= \ €;- It holds Ye = (Wre A Vre)re - We consider now the 
1<j<m241 
FFI IFIb 
infinite sequence of next and ¢-reduction transitions 


Beo a” Ba + Ba. ue Be an Be, den 
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with €° = é), and UB: (€+1) £0 (4 > 0). Clearly, 


69 — ce == (ve /\ (wi, A... Vinee), : 


€. 


Then, for X° =f"), and ¢? = (é, tee Ag, ) , by induction on 7 
Te 


and Lemma 11, we obtain that for every i > 0, there exist a A’,- 
consistent set By: , and a ¢;,-consistent set Bei, and formulas Atle 


next (Byi,) , C1 € next (Bei) such that git T (AeA Gaia ee and 
UB: (tt) =up, (A*") “UB: (¢'t1). For every i > 0, UB es (er) 


# 0 and ¢. is boolean, hence UB: (Co). S41.6;, Bei (er) 


UB (ARFE) for every 7 > 0. So, the sequence 


Byo as By *, By, Ee By a By2, ets 


satisfies the lemma’s claim. 


= 
~ 


If (WA €),. = VAE, we set By = {p}U By U Be, and we proceed in the 
same way. Finally, it is trivial to prove our claim in the cases where at 
least one of w,&€ equals to true. 


Lemma 13 Let y = WAE with € bLTL(K, AP) and€ € RULTL(K, AP). 
If Ay, Ae recognize ||| , ||E|| respectively, then Ay recognizes ||ypl|. 


Proof: Let Ay = (Qi, wt, TiFas Ae _ (Qo, wt, Io, Fp), Ad = 
(Q,wt,I,F), and w = mom... € (P(AP))*. First, we show that 
(|Ag||,w) < (||¢]| ,w) . In order to do this, it is necessary to prove that for ev- 
ery Py € next, (w), there exist Pj, € next 4, (w) and P2¢ next a, (w) such 
that weights, (Pw) = weights, (Bi) weight a, (P2). If weights, (Pw) =0, 
then the paths P!, P? can be defined in the obvious way. Otherwise, it 
is possible to define the paths P!, P? due to the following. At every next 
transition of P,, the automaton A, simulates two next transitions, one of Ay, 
and one of A¢, and multiplies their weights. Since y is reduced there are 
two possibilities. Either P,, starts with a next transition, or if not, before 
realizing the first next transition the automaton realizes a finite number of 
e-transitions connecting y-consistent sets. In the second case, the weight of 
the path coincides with the weight of the suffix path starting with the first 
next transition. So it suffices to prove our claim for paths P, € nert,, (w) 
with non-zero weight of the form 


Py: Byo ua By an Bot, a Big aie By. RSs 
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where py? = (WA £),, =WAE. 

We let w° = w and €° = €. By induction and Lemma 11, we get that for 
every i > 0, there exist a 7,,-consistent set By: , a €.--consistent set Bei, 
and formulas wt! € next (Bys,) &+1 € next (Bei) such that git! = 
Cae spa Oe and wt (Boi, mi, Byitt) SUB (pitt) . up Bes. (ere 

So, the sequences 


Pi, : Byo } By: > Byr, 3 By2 > Bye, .-- 


and 


P2: Bo 3 Ba > Ba, 4 Bea > By... 
form successful paths of next and ¢-transitions of A, and A¢, respectively. 


We note that in the above paths for every i > 0, By:, Be: are non-empty sets 
and ~'-consistent, €’-consistent respectively. It holds 


weights, (Pu) = Val” (wt (Boi i, Ti, Boiss 


( e't!)) iso 

(wt Gi. TM, Byit1) - wo (Bei, Ti, Bgi+1)) 
= Val” (wte (Bei, Tis Beitt)) x9 

(wt (Bye, Nis Byi)) iso -Val® (wt (Beis Mis Bé)) 59 
= eters (et 


i>0 


where the third and fourth equality hold by the fact that P} is a path on 
the boolean formula ~ with weight, (ee ‘ea = 1, ie., the weight of each 
next transition appearing in the path is equal to 1. We thus conclude that 
for every k € pri, (w) \ {O} there exist ky € pria, (w) \ {O} = {1}, ke € 
pria, (w) \ {0} such that k < ky - kp = kg which implies 


(|Agll,w) = k 
kepriag (w)\{O} 
< I) 
k2€pria, (w)\{O} 
= ky : ye ko 
ki €pria,,(w)\{O} k2€pria, (w)\{O} 
= (l¥l],w) - (Ell, w) 
= (lll, w)- 


?We shall call this inductive procedure, Procedure 1. 
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Clearly, if (||Ag|| ,w) = 9, it holds (||A,||,w) < (llyll,w)- 

Now, we prove that (||y||,w) < (\|A,||,w). For this, we first prove 
that for every P} € next, (w) with weights, (w) = 1 and every Pee 
next a, (w) with weights, (w) # O there is a Py € next,y, (w) such that 
weights, (25) weights, (P2)) = weights, (e) < weighty, (Py). We let 


Pi: Byo 3 By: > Bya, } By > Byz, --. 


and 


Pi: Bo Ba > Ba, 3 Be > By,... 


Clearly, P!,P2 contain no empty states and €'+! € next (Bei), yrtle 
next (Bys,) for every 7 > 0. Taking into account Remark 6, we distinguish 
the following cases. 


(a) The set cl (a) (cl (€) contains no subformulas of the form yi Uy. 


(b) For every yiUye € cl (W) (el (€), piU ye does not appear in the scope 
of an always operator U1 in at least one of a, €. 


(c) For every yiUye2 € cl (w)f) cl (€) that is in the scope of an always 
operator 1 in both wy, €, there is an n > 0, such that the acceptance 
condition from y~ Uy is satisfied for every position n’ > n in at least 
one of P!,P?. 


(d) There is at least one yiUye € cl (a) (cl (€) that is in the scope of 
an always operator 1 in both 7, €, and in both P,P? the acceptance 
condition from y ,U yz is satisfied for infinitely many positions, and 
not satisfied for infinitely many positions, too. 


If case (a), or (b), or (c) holds we act as follows. Inductively, we can 
determine a path P,, of next and e-transitions of A, over w 


Py: Boo 3 By > By, Boa > Byp,... 


in the following way?: For y = y® = (y° x oa pee and for the next transitions 
(Byo, To, By) ‘ (Beo, 70, Ber) we apply Lemma 12, and we obtain Byo 4 0, 


3We shall call this inductive procedure, Procedure 2. 
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py! € next (B,0) such that for every By the triple (Byo, To, By) is a next 
transition with 


wt, (Byo,, 70, Byr) - wte (Beo,, 70, Ba) < wt (Bio, 70, By1) . 


We also get gy) € RULTL(K, AP) with g}, = (vie Nee) , and an 


infinite sequence of next and ¢-transitions Bean 4 Bua.) - Ba.) ... with 
(Lit) re re 


al 
ae? é 


Byj-1 are built with the previous procedure for every j <_m, which implies 


that there exists gem) € RULTL(K, AP) such that yi = ( m eo) ; 


re 


= wt (Bei, 7, Bei+t) for every i > 1. Assume now that 


and an infinite sequence of next and ¢-transitions Bem.) ty Bem,2) =~ 


re 


Bom.) ... with UB _(m,i) eo) = wte (Bgg, tr Bens) for all 
re Ere? re 


1 > 1. We apply Lemma 12 for yi? = Ce ix a) and the next tran- 


re 
sitions (Bum, Tm, Bym+1) ; (Bema) Fm Bama) . We get Bom #0, yt, 


next (Bom) such that for every Bym+, (Bom, Tm; Bym41) is a next transi- 
tion with 


=(m,2 
wt (Bum, Tm; Byym+1) : UB im 1) Gi ’ 
zm, 


= wt, (Bum, Tm, Bym+1) -wte (Bem, Tm, Bem+1) 
< wt (Bom, T™ms Bym+t) % 


Hence, for every 7 > 0 it holds wt, (Bys,s Mis Byit1) - wt (Bei, i, Beit) = 
wt (Bas Ti, B,i+1) , which implies 


Val” (wt (By, Ti, Byi+1) -wte (Bei, Ti, Bet) 5 
< Val” (wt (Byi,, Ti, B,it1)) 


0 
i>0 

= 

Val” (wt (Bei, Ti; Bei+1)) i 
< Val” (wt (Bee: Ti, Bigsi)) 
= > 
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Val” (wty (Beem; Byit1)) jo : Val” (wt. (Bes, Ti, Bgi+1)) 
< Val” (wt (Beste Byitt)) 


i>0 
i>0 


where the first inequality holds by Lemma 3, and the third and fourth 
inequality are derived by the fact that wt, (Byi.sMs Byi+1) = 1 for every 
i > 0. Thus, 


weights, (F3) weight a, (P2) < weights, (Pw). 


Following the constructive proof of Lemma 12, and since either (a), or (b), 
or (c) holds, we get that for all piUy2 € cl (W) () cl (€), Pw satisfies the ac- 
ceptance condition for y;U@o for infinitely many i > 0, i.e., Py is successful. 

Assume now that case (d) holds, and let yiUye2 € el (Ww) Nel (€) with 
the property of case (d). Clearly, yi:Uyz2 is boolean. Let i; < ig <... 
be the sequence of positions with Byip © Fovys.P 2 1, and with the 
additional property that in positions 71 — 1 <i2—1<... the acceptance 
condition from y,U v2 is not satisfied. Then, due to the fact that yiU v2 is 
not in the scope of a next operator, we can determine a path P? of next 
and ¢-reduction transitions of Ag over w such that for every position ip, 
p = 1, the acceptance condition of yi UY is satisfied, and weight ,,, (Pr) . 
weights, (Pes weighty, (PS) - weight, (73) . Also, P? can be chosen 
in such a way that the above statement is satisfied for every yjUye2 € cl (W)M 
cl (€) with the property of case (d).* We construct the path Py, € next,, (w) 
by P! and P2, in the same way that P,, was constructed by P} and P? 
in cases (a), (b), (c). Then, P, is successful and we get weight,,, (Pils 
weights, (ea) < weights, (Bs) weights, (P2) < weights, (Pw). 

We have shown that for every Pj, € nexty,(w) with weights, (w)=1 
and every P? € next, (w) with weights, (w) # Othereisa Py € nexts, (w) 
with 


weights, (Pi) - weights, (Pa) = weight 4, (22) < weighty, (Pw). 


This implies that for every ki € pri,, (w) \ {O}, ko € pri, (w) \ {O} there 


“The existence of this path is determined by Procedure 3, which is presented in the 
Appendix of this paper. 
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exists k € pri,, (w) such that ky - kg = ko <k, ie., 
(ell, w) = (ell, w) - HEll, w) 


— ye ky . S> ko 
ky €pria,, (w)\{O} ko€pria, (w)\{O} 


ko 
k2€pria, (w)\{O} 


Sok 


kepria, (w)\{0} 
([Agl] .w) 


lA 


as wanted. Hence, we have shown that (||y|| ,w) < (||A,|],w) , and (||Ag|| , w) 
< (|lyl|,w) for every w € (P(AP))*, which implies that (||y||,w) = 
(|| Ay||,w), and the proof is completed. 

The proof of the Lemma 14 can be found in the Appendix. Then, 
Lemma 15 can be proved with the same arguments with ones we used in the 
proof of Lemma 14. 


Lemma 14 Let WUE © RULTL(K, AP) with ¥,€ € stLTL(K, AP), and 
&; € bLTL(K, AP) be reduced formulas (1 <j <k,k >1) anda € P(AP). 


Let (By, 7, By), (Be, ie Be) be next transitions with By £0," €next (By), 
Be, #0,€, € next (Be) (LS j<k), and vp, (W)- TT ung, (&) 402 


1<j<k 


Then, for p = | (pUE)A \ Gi there exist Bp # O,y' € 
1<j<k os 
next (By), w", €/ € bLTL(K, AP) (1 < j <k) such that 


(i) (By, 7, By) is a neat transition and vg, (¢') > vp, (v’): II UB, (é) ; 
1<jsk 


°Since €; (1 <j <k) are boolean, by Remark 1, and the fact that k-1=1-k =k, 


k-0=0-k=0 for every k € K, we conclude that the product vz,, (y’) - Il UBe, (&) 
1<j<k 


is well defined. 
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(ii) Dre = | (WUE AWA \ (<7) and for every infinite se- 
1gjce Ph, 
quence of next and e-reduction transitions 


Byo ay Bys ae By, unt By ae By2, rr 


with YP = Ble (resp. ¥ = (€5) 1S i <k) and up, (Wt) £0 
re re 

(i >0), there exists an infinite sequence of next and e-reduction 

transitions 


Byo oS By 5 By, ay By = By2, rr 


with ° = Wr (resp. N= (ef) Ses k) and UB, (AEP) = 


UB i (wit) for every i> 0. 


Lemma 15 Let WUE © RULTL(K, AP) with v,€ € stLTL(K, AP), and 
&; € bLTL(K, AP) be reduced formulas (1 <j <k,k > 1) anda € P(AP). 


Let (Be, TT, Be) : (Be, Be) be next transitions with Be £ 0, €' € next (Be), 
Be, £0,€, € next (Be,) (1<j<k), and vp, (€)- T] ve, (<) £0. 


1<j<k 


Then, for p = | (pUE) A \ ey there exist B, # 0, y! € 
1<j<k a 


neat (By), &", €! € DLTL(K, AP) (1 <j < k) such that 


(i) (By, 7, Byr) is a next transition and vg, (y') = vp, (E')- II UBe, () ; 
1<j<k 


(i) go = | ELA \ (2) and for every infinite sequence of 
1<j<k ‘i 
next and e-reduction transitions 


re 


Byo Bg By Ss By, ay By “sy By2, aia 


with W = &. (resp. Y= (ef) .1<7<k) and vp, (wit!) #0 
re re 

(i >0), there exists an infinite sequence of next and ¢-reduction 

transitions 


Byo ie By zt Bx, = By =) By2, es 
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with ° = &!, (resp. Oi (<7) i Seis k) and vp, (ai+2) - 
2 re re 
UB ys (y+) for every i > 0. 


Lemma 16 Let p = WUE with W,€ € stLTL(K, AP). If Ay, Ag recognize 
|||, El] respectively, then A, recognizes |||. 


Proof: Let w = mom1m2... € (P(AP))” and Ay =(Q1, wti, i, Fi), 
Ae = (Qe, wte, I2, F2), and Ay =(Q, wt, I, F). Let also 


Py : Byo s Bes ue Bot, ue By2 at Boz. oct 


be a path in next,, (w) with weighty, (w) 4 0. Since Py is successful there 
is an! > 0 such that B,. € Fy for the first time. We claim that there are 
paths Be of Ay over w>j;,0 <7 <1—1, and a path ae of Ag over 
w>|-1, that are simultaneously simulated while A, runs P,,. This is due to 
the following. Until the [th next transition the automaton moves between 
states that are consistent sets of conjunctions containing y. After the Ith 
next transition the automaton moves between states that are consistent sets 
of conjunctions not containing y. For every 0 < 7 </—1, at the jth next 
transition of P, the choice of the next formula of the maximal y-consistent 
subset of the state indicates a next transition of A,, that can be considered 
as the first transition of a path of Ay, over the suffix of w starting at this 
point. At the /th next transition this choice indicates a next transition of A¢ 
that can be considered as the first of a path of Ag over w>)-1. 
Now, formally for P,, we have that y? = y, and the following hold. 

e For every 0 < m <1 there exist boolean formulas y(™!),...,g(™') such 


that yi? = ( x phim) A... pr” | with 
re 


(i) PAG) € next (Mp m1), and yl") € next (Mz 1»), and 
Pre Pre 


(iz) pimp) € next (Am-1p-D) for some y\™-1P-1) consistent set A(™—1Lp-1) 


(2<p<m). Moreover, 
wt (Boz >Mm—-1; Bom) 
=UMs (pn) 00 sen dtsy (o™)) ee er (om) ) 
Pre 


— OMB m=1 ob (eo) 
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where last equality holds since weight, (Pw) 4 0, which implies that 
wt (Boys tm-1, Bom ) gD Anes aeie a 5 (piJ+1)) = 1 for every 
1<j<m-1.°® 


o.= (of? A...A oe) for boolean formulas py“), ..., op) with 


(i) p')) € next (Mp 1) , and 
(iz) pil) E next (AG-1P-D) for some oP) consistent set AU-lp-1) 
(2<p<l1). Furthermore, 
wt (Byte, Ba) 
= UMp ae (eo) * VA(-1,1) (o%) tee. UA(l-1,I-1) (o) 
Pre 
= UM. (o*) 
Pre 


e Last, by induction on n and the same arguments used in the proof of 

Lemma 11 we get that for every n > there exist boolean y),..., pl) 

such that y”, = (of? Kose IN of) and y(™?) € next (A(™-1)) for 
Te. 


some yi!) _consistent set A(r—Lp) (1<p<l), and 
wt (Box ; Tn—15 Ben) 
= UA(n-1,1) (o™) *UA(n-1,1) (o)) tee Ug(n-1,1-1) (o™) 
=1, 


where the last equality is concluded by the fact that weights, (Pw) 4 9, ie., 
U A(n—1,3) (yp) = 1 for every 1 <j <1. 
For every 0 < m < | the sequence 


TMm—-1 
Ph? Mp > Boa ACP SB eg A en 
>m-1 gm yp 2) Pp 


= a TI—-1 E _ wT 
Al Lim) ere Byi-m41) = Alu ery) 4 Byitii—m+1) eee 


®Recall that ger) is boolean, as it is a next formula of an LTL-step formula. Then, 
pls) (1 < 7 < m-—1) are boolean, since they are next formulas of boolean formulas. 
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is a path in neat, (w>m-1) with 


weights, (Fea) =Val” (vB maw (oo) oe be eee ’ 


and the sequence 


T™M-1 TT, 
Pigg Man Baas) ACH Sy Bote ANT ee 
Pre » 


W>1-1 


is a path of next,, (w>1-1) with 


weight. (Fens) = Val” (Caer (o%) es es :) 


We note that for every 0 < 7 <1—1, and every i > 1 the state Buta) 


appearing in the above paths could be any non-empty y’+*)-consistent 
set. We show that Piss 0<m<l-1, and ics are successful. Let 
us assume the contrary. Then, there exists a subformula of y of the form 
€'UE" and an n > l, such that for every r > n, there is an 1 <h <r such 
that y""”) does not satisfy the acceptance condition of Ae corresponding to 
€'UE", or it does not satisfy the acceptance condition of A, corresponding 
to €/UEé". But then P,, would not be successful, which is a contradiction. It 
holds 


weights, (Pw) 


(0,1) (1—1,1) 
= Val” OMB oo C ) ; MB ia C ) 
UM pit (p@)) ) 1, 1, 
Le weighty, (Fs, ,++-, weights, Fas) ; 
weight a, (es) Ped (rm ieee 
eS oS Val? Cis eck as ele es) 


120) kyepria, (w>;)(OSI<i) 


kiepriag (w>i) 


y ko, sey yy ki—1, 
= yD Val” ko€priay, (w>0) ki1€pria,, (w>i-1) 
= > ki, 1,1,... 


kyepriag (w>i) 
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=D (Val? (((Agl], woo) .-- +s (Awl, wei-1) » (Agl], wea) .4,4,---))) 


1>0 
= >; (Val? (le ]], wo) +++. (MIL, weer), (NIEl], wee) 1,1, ---))) 
= (Ilell,~)- 


The second equality holds by Property 3, the inequality by Lemmas 1iii, 2, 
and the third equality by the distributivity of Val” over finite sums, and 
the fact that pri4, (w>j;) (0 < 7 <i—1), pria, (w>i) are finite for all 7 > 0. 
For every path Py, € next 4, (w) with weighty, (Pw) = 0 it trivially holds 
weight, (Px) < (\¢ll,w). ‘Thus, for every k € pri, (Po) .k < (\lvllew), 
and so by Lemmas 1ii, 2 we get 


(lAgllw)= So &< (lel). 


kepriag (w) 


We show now that (||y||,w) < (||A,||, w). To this end, we fix an / > 0, 
and we let Pi. € next Ay (W>m) for every 0 < m < I, and Pte 
nexta, (w>1). We further assume that weight, (Wm) #0 (0<m<l), 
weights, (w>1) # 0. We prove that there exists a path P, € next, (w) 


such that 
Val” (weights, (eis) ,-+., weights, (Fig) , weights, ay) i eas bene ) 
< weighty, (P.,). 
We set 
pl 


WwW 


1. * Tm+1 
Sati : Bym.o) = Byym.) => B yom) =? Byom.2) was 


and 


P?2.: Bo Ba 4 Ba, “SY Be... 


W>1 
For every j > 1, it holds ("De next (Byos-v) (0<m<I-1), 
and EJE neat (Bet 
least one subformula yiUy2 € cl(w) that is in the scope of an always 
operator in w, and for at least two of the paths Pi. (0 <m <1 —1) the 
acceptance condition from y,U ¢% is satisfied for infinitely many positions, 
and not satisfied for infinitely many positions, too. (b) There is at least one 


piU ye € cl (w) Mel (€) that is in the scope of an always operator in both 
w,€ and for at least two of the above !+ 1 paths the acceptance condition 


. We point out the following cases: (a) There is at 
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from y,U ~ is satisfied for infinitely many positions, and not satisfied for 
infinitely many positions, too. 

First assume that cases (a) and (b) do not hold. Then, we set y° = y 
and the following is true. 


e For every 0 < m <1, with the use of Lemma 14, we obtain Bym # 0, 
and y™*! € neat (Bym) such that 


Bom (p"™™) 2 II YB Gm—3) (v ) 
0<j<m °° 


= (ml) ) 
=v 
B (m.0) (v 
and (Bom, Tm, Bym+1) is a next transition. More precisely, yj) = 


yA \ yams) , and we apply Lemma 14, for the next 


0<j<m-1 
re 


transitions (Byim.0)5 ms By); and (B yuma sm B mss) | 
(0<j<m-1). 


e By Lemma 15 we obtain B,,, #0 and g't! € next (Ba...) such that 


(Be »T; By) is a next transition and 
re 


0<j<l-1 
1 
= UBeo (€ ) 
It holds, yt. = | pA \ pol-D , and we apply Lemma 15, 
0<i<I-1 as 
for the next transitions (Bygi-ns tm Bygi-sv) (0<j<Jl-—1), and 


(Beo, m1, Be) ‘ 


e Last, with the same arguments used in Lemma 12 we obtain, for every 
k>l, Bor F @ and y*t! € next (By,) such that (Boot, Bex) 
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is a next transition and 


k+1\) k-I+1) . I he 
YB ok, C ) eo ei (< ) YB 4-3) (WORF) 
O<jsi-1 °F 


=1, 


where the last equality is obtained by the following. It holds w,& € 
stLTL (kK, AP), which implies that rd) ed. € bLTL(K, AP) for 
all 7 > 1,0 < m < 1-1. Since Pie (OS mel), and Ps 
have non-zero weight, all but the first next transitions appearing in 


Pi,,, (0<m<il-1), and P2. have weight 1. 


W>1 


Clearly, the path Py, : Byo “8 Bei * Bot: “4 Bg2... (where we let By: be 
any non-empty y'-consistent set (i > 0)) is a successful path of A, over w. 
This is concluded by the constructive proofs of Lemmas 14, 15, 12 and 
by the fact that (a), and (b) do not hold, which imply that for all yiUy2 
E cl (w)()\cl (), Pw satisfies the acceptance condition for y,U wy for infinitely 
many 7 > 0. It holds 


wey (Bymo »Tam) Buyin) < wt (Bom, Ty) Bgm+1) 
for every 0 << m <1, and 
wo (Beo,, m1, Bar) < wt (Bo. mi By) 


and 
1<uwt (Ber., Tk, Bout) 


for every k >1. Hence, by the above relations, Lemma 3, and Property 3 
we get 


Val” (weights, (Pt) sie Weighty, (Fs) , weight, (Fe, Ped. des ) 
< weighty, (Pw). 


Now, if case (a) or (b) holds, we can prove our claim following the same 
arguments used in the proof of Lemma 13. Thus, for every | > 0, every 
Phsm € next 4, (W>m), where 0 < m <1, and every P2€ next, (W>1), 
there exists a P,, € next, (w) such that 7 


Val” (weights, (F4,.) ,-++, weight A, (3) , weight, (Pe) ,1,1,.. ) 
< weighty, (Pw). 
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Thus, it holds 


S- Val” (Korcexshiiy kr dy yee Se ak 

1>0,0<m<l kepria, (w) 
km Epriay, (w>m) 
kepria, (w>1) 


—— 


Rovices 


ko€pria, (wo) 


S Val* s: sie 9 ey eS) BE OR 


I>0 ky_1€pria,, (ws1-1) kepria, (w>1) kepria, (w) 
i Weed Ua rarer 
= 
Ww (I|],weo),---5 (Wl, wor1)s (ell, waa)» < 
Svar ( ee St 
1>0 kepria, (w) 
= 


(ell, w) < (All, ), 


where the second inequality is obtained by the distributivity of Val” over 
finite sums, and the fact that pri,, (wm) (0 < m <1), and pri,, (ws) are 
finite, and this concludes our proof. 


Lemma 17 Let w € stLTL(K,AP) such that yp = Oy. If Ay recognizes 
|||, then A, recognizes |||. 


Proof: Let Ay = (Q’, ut’, I',F'), Ay =(Q, wt, I,F). First, we prove 
that (||Ay|l,w) < (l~l],w) for every w € (P(AP))*. To this end, let 
w = TomMT2... and Py € next,, (w) be a path with weights, (Pu) # 0. 
We show that there exist paths Pi, € next, (w>i) (¢ = 0) such that 


weights, (Pw) < Val (weights, Gas 


Without any loss we may assume that P, starts with a next transition. So 
we let 


Py: Bo 3 Bg > Ba By > By... 
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It holds y® = y®. = y and for every i > 1, we can prove by induction 
on 7 and the same arguments used in Lemma 12, that there exist boolean 
formulas py“), ..., yp such that yi, = (¢ A yh) Neen oh?) , and 

ee. 
oe) € next (Mp tal) vp) © next (AG1P-)) where A@-1?-) is a 
Pre 
ps1?) consistent set (2 << p< i), and 


wt (Bogs ti-1, Bye) = UMp ny (eo) : II Ualinig—1) (*)) (6) 
re > 


2<p<i 
= a1 
=UMp , , (o' ) 
Pre »W 


where the last equality holds since v 4(-1,1) (p@?)) =...=U46-1,i-1) (pe) 
Hence, for every 7 > 0 we can define the path Phe E next, (ws; 
follows. 7 
P’ =: Mp 


W>i 


z . Ti : 
F; b as Botta) me AGL) a Bi+2,2) a Alét2,2) eee 
Pre 


where for every j > 1, we let By vi+;,3) be any non-empty y('+3.J)_consistent 
set. We show that Pj... is successful. Let us assume the contrary. This 
means that there exists a boolean subformula of 7) of the form €Ué’ and an 
n > 0, such that for every r > n, there is an 1 < Ah <r such that y'"”) does 
not satisfy the acceptance condition of A,, corresponding to €'Ué”. But then 
Py would not be successful, which is a contradiction. Moreover, it holds 


weights, (33) 


= Val” (xr re (go) > UA(it1,1) (ot?) » UA(it2,2) (pt) i) 
re 
= Var” (en (pith) slg oot .) 
Pre 
= UMz , (ea) ’ 
Pres 


where the last equality holds by Property 3. Then, 


weights, (Pw) = Val” (weight, (ss) , weight, Co 68s) 


< Val” cs Kasei 


ko€pria,, (wo) 
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= Val® (||P, w>0) 5 (Iel], w>1),---) 
= (llell, ~~), 


where the first inequality is concluded by Lemmas 1iii, 3. 


Hence, for every k € pri,, (w) it holds k < (||¢||,w), and thus using 

Lemmas lii, 3 we get (||A,||,w) = YS OK < (|l¢l],w). We show now 
kepria, (w) 

that (||y|],w) < (\|Ayll, w). To this end, we let Pi, € next, (w>i) (i > 0). 


We will prove that there exists a Py € next,y, (w) with 
Val” (weights, 4) , weights, (2) nee? .) < weights, (Pw). 


le Vial” (weights, (Pes) , weighty, (aa) ie) = 0, then the inequality 
holds for every Py € next,, (w). Otherwise, no empty states appear in 


Py, (2 0) and the subsequent hold. 


Let yiUye € cl(W). There exist paths Pi, € next, (w>i) (6 > 1)" 
with the following properties. (a) There are infinitely many j > 1 such that 
at the next transition of P,,., (1 < k < j) that processes the letter 7, and 
at the corresponding next transition of Triet the automaton moves to a 


state that satisfies the acceptance condition of yiU ye, and (b) 
Val” (weights, (es) weights, (e) is 


= Val (weights, (23) , weights, (Fist) , weights, (Pose) a) 


Moreover, the paths Fis (i > 1) can be chosen so that condition (a) is 


satisfied for every yiU ye € cl (w) . We set Piss = Pi,,,, and for every i > 0 
we let - 


n 


Pos, 1 By.)  Bytay 7 Bye "SY Buyeay + 


Clearly, for every j > 1 it holds p@) € next (Byus-») (¢ > 0). Then, 


we set y? = y and with the same procedure used in Lemma 14 we obtain 


*We can prove for every i > 1 the existence of the path Bi following the constructive 
arguments of Procedure 3. 
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for every m > 0, a Bym £0 and yt! € next (Bym), such that 


vpn (em) > TT PB ism (ylim—i+1)) 
0<j<m 


= II wt! (B,gm—n Tm; Byoim-sen ) 
O<jem 


= wt! (Bymostm Bygons) 
= weights, (ce : 


Then, the path 


Py Bo S By > Bo, S By... 


(where we let B,1 be any non-empty y'-consistent set (i > 0)) is a successful 
path of next and e-reduction transitions of A, over w and it holds 


Val” (weight, (Poss) ) 5 < Val” (vp, (e™)) 


= weighty, (Pw). 


i>0 


Thus, for every family Pi,., € nert,, (w>i) (i > 0) there exists a Py € 
next 4, (w) such that 7 


Val” (weights, Ca < weighty, (Pw) 


ie., for every family kj € pri, (w>:) (¢ = 0) there exists a k € pris, (w) 
such that Val” (ki) sso <k. Then, by Lemma 2 we get 


S> Val” (ki)isoS Sl B= (IAgll,w) 


ky€pria,, (w>i) pris, (w) 
i>0 


Moreover, 


Ss" Val? (hi) sy = Val” ae 
ki€pria,, (w>i) ki€pria,, (w>i) 


i>0 
i>0 


= Val” (||¥ ||, waa) iso 
= ([l¢l],w) 
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where the first equality holds by the distributivity of Val” over finite sums 
and the fact that for every i > 0 the set pri,, (w>;) is finite. We conclude 
that (||y||,w) < (||A,l|,w). Hence, for every w € (P(AP))” we have 
(|Ay||,w) = (|l¢]|,w), and the proof is completed. 


Lemma 18 Let y € bLTL(K, AP). Then, Ay recognizes ||| . 


Proof: We prove our claim by induction on the structure of bLTL (Kk, AP)- 
formulas and using the same arguments as in Lemmas 7, 8, 9, 13, 16, 17. 


Lemma 19 Let y € stLTL(K, AP). Then, Ay recognizes ||| . 


Proof: Our claim is derived by Lemmas 18, 7, 8. 
Theorem 1 Let y ¢ RULTL(K, AP). Then, Ay recognizes ||p]| . 


Proof: By Lemmas 7, 9, 8, 13, 19, 16, 17, 18 we get that ||A,|| = |ly¢| 
for every p € RULTL(K, AP). 


Corollary 1 Let p € RULTL(K, AP). Then, we can effectively construct 
a wBa over P (AP) and K recognizing ||y|| . 


7 Weighted LTL over Generalized Product 
w-valuation Monoids 


We let AP be a finite set of atomic propositions and K = (K,+,-,Val”,0,1) 
be an indempotent generalized product w-valuation monoid. The syntax and 
semantics over the weighted LT over AP and K is defined as in the previous 
section, as well as the class LT L(K, AP), and the fragment of bLT'L (Kk, AP). 
We let a restricted LTL-step formula be an LTL (kK, AP)-formula of the 
form VV (ki A pi) with kj © K\ {0,1} and y; € bLTL (kK, AP) for every 
1<i<n 

1<i<n. We denote by r-stLTL (K, AP) the class of restricted LT L-step 
formulas over AP and K. We introduce now the syntactic fragment of totally 
restricted U-nesting LT L-formulas. 


Definition 11 The fragment of totally restricted U-nesting LT L-formulas 
over AP and K, denoted by t-RULTL (kK, AP), is the least class of formulas 
in LTL(K, AP) which is defined inductively in the following way. 
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k €t-RULTL(K, AP) for everyk € K. 

© bDLTL(K, AP) C t-RULTL(K, AP) 

e Ifp €t-RULTL(K, AP), then Oy € t-RULTL(K, AP). 

e Ify,w €t-RULTL(K, AP), then pV €t-RULTL(K, AP). 


e If © bLTL(K, AP) andy €r-stLTL (Kk, AP), 
or w € bLTL(K, AP), or = €U4, or y = OE 
where €,r € r-stLTL (K, AP), 
then pAW,WAy €t-RULTL(K, AP). 


e Ify,w €r-stLTL(K, AP), then pUW € t-RULTL(K, AP). 


e If ¢ €r-stLTL(K, AP), then Op € t-RULTL(K, AP). 


We adopt the theory of the previous section (observe that using induction on 
the structure of y we can derive that for every y € t-RULTL (K, AP) and p- 
consistent set B,, it holds next (B,) C tRULTL (Kk, AP)). The following 
theorem is obtained by induction on the structure of t-RULTL (kK, AP)- 
formulas and using the same arguments as the ones used in Lemmas 7, 9, 8, 
13, 19, 16, 17, 18 of the previous section. The stronger syntactical restriction 
that we impose on the fragment of totally restricted U-nesting LT L-formulas 
allows us the use of the distributivity of Val” over finite sums for generalized 
product w-valuation monoids and Lemma 3 whenever necessary. 


Theorem 2 Let py € t-RULTL(K, AP). Then, Ay recognizes ||¢|| . 


Example 6 Let AP = {a,b}, and y = U(aA2) € t-RULTL(K, AP) 
where K is the generalized product w-valuation monoid of Example 2. Then, 
Ay = (Q, wt, in, F) is defined below, where m ranges over P (AP), and by Ta 
we denote any letter in P (AP) that contains a. 


e Q = Tee 9.05 with a = 0, G2. {oo} , 93 = {true} , qa = 
{y,aA2,a,2},q5 = {pA (true A true) ,y,aA 2, 2, a, true A true, true} 


e The states with initial weight co are the sets qi, qa. 


e The transitions with weighté —co are the following: 
wt (93, TT, q3) = ut (95, E, q4) = wut (dk: E, Uk) = 0o where k = 2, 3, 4, and 
wt (q4, Ta, 95) = 2. 
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e The automaton has no final sets since py contains no U operators. 


Corollary 2 Let yp € t-RULTL(K, AP). Then, we can effectively construct 
a wBa over P (AP) and K recognizing ||y|| . 


8 Conclusion 


In this paper we introduced a weighted DTZ over product w-valuation 
monoids (resp. generalized product w-valuation monoids) that satisfy specific 
properties, and proved that for every formula y of a syntactic fragment 
of the weighted LTL we can effectively construct a weighted generalized 
Bichi automaton with e-transitions A, whose behavior coincides with the 
semantics of y. We provided in this way a theoretical basis for the definition 
of quantitative model-checking algorithms. The structure of product w- 
valuation monoids and generalized product w-valuation monoids, that was 
used for the domain of weights, refers to an interesting range of possible 
applications. Naturally, in order to reach the goal of quantitative reasoning 
it is necessary to further investigate complexity and decidability results, 
providing in this way more arguments for the definition of model-checking 
algorithms incorporating the proposed weighted LTL. In [29] the authors 
introduced the notion of safety in the weighted setting. More precisely, for a 
rational number q, a finite series s over a given alphabet and Q is called q-safe 
if every word with coefficient at least g has a prefix all whose extensions 
have coefficient at least q. Given a deterministic weighted automaton, the 
authors relate the safety of its behavior with its structure. They also propose 
the extension of their theory to infinite words as a challenging perspective 
and we further add that the definition of the notion of safety for infinitary 
series could be related with syntactical fragments of the weighted LTE and 
the structural properties of the corresponding weighted generalized Biichi 
automaton with ¢-transitions that we propose in this paper. Finally, another 
interesting road for extending the theory of our weighted LTT, is to study its 
relation with weighted FO logic, w-star-free series and weighted counter-free 
automata on infinite words. 
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Appendix 


In the following proof, we prove that the structure presented in Example 2 
is indeed a generalized product w-valuation monoid. 
Proof: We prove first the distributivity of Val” over finite sums for 
generalized product w-valuation monoids. 

Let L Cfin R, finite index sets Ij (j > 0), and ki, € L (i; € Ij,j > 0) 
such that for all but a finite number of j > 0, it holds kj, € L\ {00, —oo} for 
all 7; € Ij, or kj, € {00, —oo} for all i; € I;. We will prove that 


liminf | sup kj, = sup (sinning (Hi, ) a ; 
45€L; jeN (45) ;€Lo xix... J 
We set A =liminf | sup kj, ,and B= sup (timing (ki;) : ) : 
i ; jEN 
i; €L; jen (45) ;ELox x... 

Assume that there exists an | > 0, such that k;, = —oo for all 7 € I). 
Then, for all (i;); ElbxhxX..., liming (Ri;) ery = —o, ie., B= —o0. 
Moreover, supk;, = —oo, and thus A = —oo as wanted. Otherwise, we point 

wel 


out the following cases: 


(I) Assume that for all 7 > 0 there exists i; € J; such that kj; = oo. 
Then, there exist (7); € Ip x J x ... such that liminf (kis) sen = 00 
which implies that B = oo. In addition, we get that sup kj, = 00 for 

a; €L; 
all 7 > 0, ie., A = co as well. 


(II) Assume that there exists finitely many j > 0, such that kj; # oo for 


all i; € Ij, then sup k;, # oo for only a finite number of 7 > 0, which 
4; EL; 


4;€L; a5 €L; 
for all but a finite number of j > it holds k;, € L\ {0o, —oo} for all 
i; € Tj, or ki, € {oo, —oo} for all i; € Ij, thus there exists finitely 
many j > 0 such that kj, € L\ {oo, —oo} for all 7; € Jj, which implies 
that the following equalities are true. 


(— sup (tirning Be. ) 
(i;);<fox hx... ( is) jen 
ki, F—00,J20 


implies that A = inf) supkj, | 7 > 0 withsupk;, 4 ~ Moreover, 


A Translation of Weighted LTL Formulas to Weighted Btichi Automata over 
w-valuation Monoids 287 


= sup (inf { ki, | j = 0 with kj, 4 oo }) 
(43) ;€l0x Nx... 
ki, £00,420 


= nt { spi | 7 = 0 withsup ki, # ~| =A. 


1;€L; 1; €L; 


(HI) Assume that there exists infinitely many j > 0 such that k;,; # oo 


for all i; € I;. Since I, are finite for every h > 0, it holds sup kj, € 
inElh 
{ki | in € In} for every h 2 0, hence there exist a sequence (ij); € 


Ip x I) X In x... such that A =liminf (Ki;) x9 and thus A < B. 


Let now (i;), € Jox 4 x Igx..., and h > 0 be the maximum j > 0 such 
that {ki, | tr € In}OL\ {00, co} FB, (hi, | tn € In} {00, —co} FO, 


then 
liming (ki;) sen = lim (inf {ki, | 0 > j, ki, A oof) 
= lm (inf {ki, [i> 3, ki, F oof) 
j>h 


lA 


lim | inf ¢ supk;, | 1 > j, supki, 4 oo 

j>h el El, 

= lim | inf 4 supk;, | 1 > 7, supki, 4 co 
j20 Hel ye 


= liminf ( sup Ks, =A 


where the second and third equality hold because the sequences 


wel wel; 


(inf {hj, | 1 > 9, ki F CO}) S05 (ut {sph |l>h,supki, A ~}) 
j>0 
are increasing, and the inequality holds by the fact that 


inf {k;, |1 > j, ki, Foo} < it uph |l>j,supk;,, A ~| ; 
wel wel 


for every j7 > h. Thus, A = B as wanted. 
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We prove now Property 2. We will prove that for all k; (i> 1) € 
R, liminf (00,k1, ko,...) =liminf (ki, ko,...). First we assume that Ji > 1, 
such that k; = —oo, then liminf(00,k1, ko,...) =liminf (ky, ke,...) = —oo. 
Otherwise we point out the following cases. 


e If Vi > 1,k; = co, then liminf (00,k1, ko, ...) =liminf (ki, ka, ...) 


l 
8 


e If there exist infinitely many i > 1 such that k; 4 oo, then 
liminf (00, k1, ko, oe .) = Ai (inf { ki, | tj > UE ki, x oo}) 


=liminf (kx, ko, oe as 


e Finally, if there exist finitely many 7 > 1 such that k; # oo, then 
liminf (00, ky, ko,...) = inf { ki, lj =1,ki, A co} =liminf (k1, ka,...). 


We prove now Property 3. Let k € R, then we point out the cases 
k = o,k = —co or k 4 cw, -—cw, and we conclude by the definition that 
k, =liminf (k, 00, 00,...) in all three cases, as wanted. 

The rest of the properties of generalized product w-valuation monoids 
are concluded in a straightforward way by the definition of the liminf- 
function, and the operations of sup, inf . 


Definition of Procedure 3 Let {Aj,..., Ax} be the subset of cl (w) M cl (€) 
containing all formulas of the form yUg@, and let yiUye. = A1. We let 
P= Bu Bx Ba Ba ... where Ba, Ba , 2 > 0, are defined in the following 
way. For all i < i; — 1 we set ra — ae Bu = Bei, and Ba = Bei. We set 
fa-l — eat, and Bay = Beii-1, and Bea = Bei U Mp 
We have that v1! = 6" A (6')" with (6')" © neat (Mp a 

wl e1Ue—o) 
satisfies the acceptance condition for y;Ug,2 at position 71, ie., (8’)" € 
next (Me. ) . Then, pt = (es A (6").) , and let sequence 1 

12 re 


wil Ue. 


cr, 


Ti Tiy+l 
B Hi + Bait + Baiav +> Boi, +2 + Bint? rr cesies 
and sequence 2 


Bega ia Bogart sy Bega pene Bega? S Be gyav? SP Sots 
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be the sequences obtained by Procedure 1. Also, €*! = ¢“ aes where (Cae 


is the conjunction of elements of next ( B be \next (Mp 
14 %2 


é1-ly el oy 


that appear in €". Then, €4 = (es A (Cr. , and let sequence 3 
re 


Ty E Ti+ € 
B iy = Beit —=> Beit +> Beiy+2 7 Bint > i anes 
re re re 


and sequence 4 
Beery = Booyah +s Beeyatt a Beery +, Beeryat2 =) Sakas 


re re re 


be the sequences obtained by Procedure 1. Then, we obtain ram Ba, for 
i € {41 +1,...,i2 —1} following procedure 2 for sequences 2, and 3. We 
apply inductively the construction for all 2;,7 > 2. Observe that since ypiU yo 
does appear in the scope of a next operator, then whenever y,U y2 appears as 
part of the conjunction of form A of the maximal formula of a state in P}, P?, 
then it is obtained from a next formula of the non-empty y,U y2-consistent 
subset of the previous state. 

_For every 2 <m < k we obtain Pr by applying the previous procedure 
for P,y,—1 and Pe. Then, we set Pe = Pe: 


We present the proof of Lemma 14. 


Proof: Let w= VV (ki \ v1) where ky € K, and yy € bLTL(K, AP). 
1<l<m 

First, we assume that all €; (1 <j <n) are different from true and ~ ¢ 

bLTL (K, AP), and we point out the following cases. 


(a\€)= \ £449) with €9%9) EbLTL (K, AP) for every ij €{1,..., mj}, 


hj 


j € {1,...,&}, and for every j € {2,...,k} there exist tntets € 


jak es 
{1,...,m;}, such that for every k € {1,...,h5}, gv) = rac *y) for 
some j’€ {1,...,7 — 1} ,é7 € {1,..., mj}. Then, f= \ (E6%))', 


1<ij;<m; 


where (€694))' € next | M (3:i,) for every 27°, flj<t, 3}, 
Be, 6 ad 
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j € {1,...,k}. Moreover, it holds ~ € stLTL(K,AP), and thus 
wy’ € bLTL(K, AP). Clearly, 


yp = (WUE) A AN E(Irig) A AN A E(iri5) 


1<i1<m1 2<j<k 1<i;<m; 


oe . hy 
IG Fig sti Ab,’ 


Let By = {yUGUByU| U U . We can 
Ii<jsk \Isij<mj; 
prove that By is a y-consistent set following the arguments of proof 


of Lemma 107 in [21]. Moreover, ) (De 7 Sk 
B 


Be, (ots) 


\CM = 
eel) a Bye 
1 <i; <m,;) and By C Mg... Then, with the same arguments used 

J J wy ew 


in Lemma 10, we get that y’ = (pUE) Ay’ A \ (€ G41)" A 


1<t1<m1 


iN A (€44)" | | € next (Be). Therefore, (By, 7, By) 
2<j<k IStj<mj; 


IG AGF dg At,’ 


is a next transition and 


By (¢') ~ UBy (v') ; II OMB ein) (eo) 


1<t1<m1 


I] II UMp (5) ((<%)') 


2<j<k 1<ij;<m; eV 
IG AGF dg At? 


> vp, (v)- [I MB. aay) (Gas 


1<t1<m1 


A Translation of Weighted LTL Formulas to Weighted Btichi Automata over 
w-valuation Monoids 291 


I Il oe) ((<)') 


2<j<k | 1<ij<m; 


er . hy 
OE an ae 


II II UMp es) (Gay 


2SJSk je {indy} es 
=op,(v)> [] vp, () 
1<j<k 


where the inequality is obtained using Lemma 10, Remark 1, and 
the same arguments that are used in the proof of the corresponding 
inequality of Lemma 12. 

We have completed the proof of (i). We prove now (ii). The claim 
of (ii) trivially holds for w” = w’,é/ = €{. For 2 < j < k we set 
ie \ (ue It holds 


1<is<m; 


Lobe . hg 
IG Fig sti Aly? 


g=WUOawal A (ee) 


1si<m1 


Al A IN (e440) . 


2<j<k 1<i;<m; 


IG Ab; tg Ad,” 


and 
Pre = | (WU) Are ME) { A (Dee) ) 
2<j<k t. 
Let now j € {2,...,&}. We consider now the infinite sequence of next 


and ¢-reduction transitions 


Byo a By: ee By, ss By en By2, mare 
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with p° = (&) and Bye. (Witt) £0 (¢ > 0). Clearly, 


Then, for \° = (ef) and (9 = (e8)) rn (<0) ; 


re 
by induction on 7 and Lemma 11, we obtain that for every i > 0, 


there exist a !.-consistent set B yi,» and a ¢i.-consistent set Bei, and 
formulas \'t! € next (By:_) , C1 € neat (Be:,) such that 


i+1 i ae 
fe eee. lo 


and . . | 
UB yi. ww) — UB, Ca) sree (*") : 
For every i > 0, UB ys (wit) 40 and ¢}, is boolean, hence UB: (cor) 


= 116, UB ys, (|= UB: (\'*") for every i > 0. So, the sequence 


Byo Bg By a By, at By2 = By2, one 


satisfies the lemma’s claim. 


o 
~ 


Ie} @ugal A & = (JUHA) [A &], we set By = 
1<j<k i 1<j<k 


{pUE} U By U ee, Pb , and we proceed in the same way. 
<I< 


Finally, we use the same arguments to prove our claim in the cases 
where at least one of €; (1 < j < k) equals to true. 
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